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In this paper, we give regularity criteria in terms of the magnetic pressure in Lorentz spaces.

1. Introduction

We study the regularity issues for suitable weak solutions
(u,b,7): Qp — R3 x R? xR of 3D incompressible mag-
netohydrodynamic (MHD) equations

WINPT GO L
P sk (V- (0 V)p=-(p+ 121,

ob
ot
div u=div b=0,

u(x,0) = uy(x) and b(x, 0) = by(x).

—Ab+(u-V)b—(b-V)u=00nQ;=R;

$S+

x (0, T),

(1)

Here, u is the fluid flow, b is the magnetic vector field,
and 7=p+ (|b|*/2) is the total scalar pressure. We con-

sider equation (1) with boundary conditions defined as
follows: either

(Bl)u=0,b-n=0,(Vxb)xn=0, (2)
or

(B2)u-n=0,(Vxu)xn=0,b-n=0,Vxb)yxn=0, (3)

where n is the outward unit normal vector along
boundary oR?.

In pioneering works [1, 2], it has been shown that
global-in time weak solutions to the MHD equations exist
in finite energy space and strong solutions can exist
locally-in time. In other words, the weak solutions exist
globally in time; however, if a weak solution (u, b) are fur-
thermore in L®(0, T; H'(Q2)), they become regular. The
regular solution means that ||ul|;eq,) + [[bll1e(q,) < 0.

The uniqueness and regularity of weak solutions to (1) have
been left the question open. The authors in [3], very recently,
the existence of global weak solutions to the 3D MHD equa-
tions via new energy control methods are inspired of a recent
work [4]. On the other hand, for nonuniqueness, the author
in [5] nonunique weak solutions in Leray-Hopf class are
constructed for (1) in a whole space based on appreciated
convex integration framework developed in a recent work
of Buckmaster and Vicol [6]. In the regularity theory of weak
solutions to fluid equations, the role of the pressure is very
important (see [7, 8]); in particular, it is a more important
issue for the boundary value problems. In present paper, we
obtain the scaling invariant regularity criterion by focusing
on the (magnetic) pressure function.
Note that equation (1) has the following scale:

uy = Au(Ax, At),
by =Ab(Ax, A’t),
my = A (Ax, At),
A>0.
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For the regularity conditions in Sobolev space, the results
in terms of magnetic pressure and the gradient of magnetic
pressure for (1) in R? were obtained by Zhou [9] with some
magnetic field condition (see also [10-15]). After that, Duan
[16] showed 7 € LP(0, T'; L1(IR?)) with 2/p +3/qg=2,q > 3/2
or Ve IP(0, T; L1(R?)) with 2/p+3/q=3,g9> 1.

On the other hand, for the regularity criteria in Lorentz
space, He and Wang [17] proved that a weak solution
(u,b) for 3D MHD equations becomes regular under
the scaling invariant conditions, the so-called Serrin’s condi-
tions, u € LY (0, T ; LP*°(RR?)) with 3/p+2/q<1 and p >3
or Vu € L*®(0, T ; LP*°(R?)) with 3/p+2/g<2 and p >3/2
(compared to [7, 18-26] for Navier-Stokes equations). In
particular, for the magnetic pressure, Suzuki [24, 25] proved
the regularity criteria to the Navier-Stokes equations in
the Lorentz space under the assumption for the pressure
via the truncation method introduced by [27]; namely,
if 7€ LP(0, T ; L+*°(R?)) and 72| oo (0,700 () < € with
2/p+31g=2,5/2<q< 0o or Vr e [P°(0, T ; L+**°(R?)) and
V72| oo (0, 71000 (r3y) < € With 2/p+3/9=3,5/3<9 <3, (u,b)
is regular.

In this respect, the main results in the present paper are
stated as follows.

Theorem 1. Suppose that (u, b, ) is a weak solution to (1)
with the divergence-free initial data u,, by € H*(R}) n W4
(R3?), q>3. Then, there exists a constant € >0 such that
u(x,t) is a regular solution on (0, T| provided that one of
the following two conditions holds:

(A) Under the boundary condition (B2), m e LP*(0,T;
L¥®(R?)) and

||n||Lp,m(0’T;qu(Rg)) <ewith2/p+3/qg=2,3/12<g< 00

()

(B) Under the boundary conditions (B1) or (B2),

Ve IP(0, T; L9 (R])) with 2/p + 3/q=3,1 < q < 00

(6)

Remark 2. Theorem 1 is worth to extend the results of
Theorem 4.1 in [28] to the Lorentz space in R}. The result
of Theorem 1 is naturally expandable for the n-dimen-
sional half space with aid of Sobolev embedding and
Calderon-Zygmund inequalities.

Remark 3. Unlike the results in [29], Theorem 1 is valuable
as a result of considering boundary conditions.

Remark 4. In light of the approach in [30], under the bound-
ary conditions (B2), we can show the regularity condition of
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weak solutions to (1) with one component of the gradient of
pressure, namely,

0, € 1P (0, T5 L* (R})) with 2/p +3/g < 2,1 < q < co.
(7)
Remark 5. In part (B) of Theorem 1, unfortunately, it does
not obtain a similar result as (A) due to the difficulty of con-

trolling the pressure function from the complexity of mixed
term for w* and w™ (see Remark 11).

For the Navier-Stokes equations with boundary data
(B1) or (B2), Theorem 1 immediately implies.

Corollary 6. Suppose that (u,p) is a weak solution to the
Navier-Stokes equations. Then, there exists a constant € >0
such that u(x, t) is a regular solution on (0, T] provided that
one of the following two conditions holds:

(A) Under the boundary condition (B2), m € LP*(0,T;
L®(R?)) and

|\n||Lp,m(0)T;Lq,m(R3)) <ewith2/p+3/q=2,3/12<q< 0

(8)

(B) Under the boundary conditions (B1) or (B2), Vm €
LP(0,T; L?*(R})) and

V|

Lp,(‘o(o,T;Lq,oo(IRi)) <&, with 2/p+3/qg=3,1<g<o00

©)

The proof of Corollary 6 is same to that in [31] and thus
it is omitted.

2. Notations and Some Auxiliary Lemmas

For p € [1,00], the notation L?(0, T ; X) stands for the set of
measurable functions f(x,t) on the interval (0,T) with
values in X and ||f(-,t)||; belonging to L?(0, T'). The space

Wk2(Q) is denoted the standard Sobolev space. For a func-
tion f(x,t), Q C R?, we denote ||f||L{j:f(Qx1) = HfHLf(I;Lﬁ(Q)) =

11122 ||L?(I). C is a generic constant.

We recall first the definition of weak solutions.
Definition 7 (weak solutions). The vector-valued function
(u,b) is called a weak solution of (1) on (0, T) x R? if it
satisfies the following conditions:

(1) (u,b) e L®(0, T; L*(R?)) N L*(0, T; H(R?))

(2) div u=div b=0 in the sense of distribution

(3) For any function w(t,x)€CP((0,T)xR?) with
div y = 0, there hold
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0JR

T
J J {u-y,~Vu-Vy+Vy : (u®u-beb)}dxdt=0,
T
J J {b-y,~Vb-Vy+Vy : (u®b-beu)}dxdt=0
0JR?
(10)

Next, we give some basic facts. For p,q € [1,00], we
define

1f 1l ()
00 a\ Y4
(pL ocq|{xEQ:|f(x)|>oc}|q/P%> , g<co,

supal{x € R} : |f(x)| >a}’1lp, q=00.

a>0
(11)
And thus,
PR} = { f : f isa measurable function
(12)

onR? and Hf||LP,,,<]Ri)<oo}.

Followed in [32], the Lorentz space LP1(R?) may be
defined by real interpolation methods

PR = (AR IH(RD),,  (13)
with
lzl_a+ﬁ, 1<p, <p<p, <00, (14)
P P
that is,

LPODARY) = (L2 (R, LO(RY)) s (15)

We list some lemmas for our analysis.
Lemma 8. ([33]). Assume 1<p,, p,<00, 1<q,, q,<00,
uelPri(Q), and v e LF»22(Q). Then, uve LP»5(Q) with

1lpy=(1/p,) + (1/p,) and 1/q;<(1/q;) + (1/q,), and the
inequality

H”VHLPM(Q) < Cllulppras (Q)HVHLW(Q) (16)

is valid.

Lemma 9 ([20, 34, 35]). Let T>0 and ¢ €L,,.([0,T)) be
nonnegative function. Assume further that

¢msqﬁcjlww$¢
: (17)

t
+ KJ A(s) "5 p(s) 4O ds,  Vo<e<e,
0

where k,e,>0 are constants, u€L'(0,T), and A(e)>0
satisfies lim,__,,A(e)/e =c,> 0. Then ¢ is bounded on [0, T

if ||A||L”°°(0,T) <q'x .

Lemma 10 ([31]). Assume that the pair (p,q) satisfies
(2/p) + (3/qg) =a with a,q>1 and p>0. Then, for every
kel0,1] and given b,cy>1, there exist p_>0 and
min {g, b} <q, <max {q, b} such that

2 3
[ T
K K (18)
Po _PUL=K) ot
qy q b

3. Proof of Theorems: Half Space Case

Proof of Theorem 1. We rewrite equation (1) with w*=u
+band w =u-b:

w; —Aw' + (w™ - V)w" =V, divw’ =0,

(
w, —Aw + (w"-V)w =V, divw =0, (19)

w'(x,0) =w; andw ™ (x,0) = wj.

Part (A): multiplying both side of (19) by w*|w*|’,
integrating by parts with the divergence-free condition,
we conclude that

1d 1
| x| Vwt Pt Pdxr < | V|w® P dx

T

= —J w* - Vﬂ\er\zdx =1.
R}
(20)

Using the integration by parts and Holder inequality,
we have

I:J nw* - V|w* [ dx
v . (21)
< CJ | w* | dx + —J [Vw* [*|w*|*dx.
R} 8w



By means of the Holder, interpolation, and Sobolev
embedding inequalities in the Lorentz spaces,

.2 -(3/2q) 3/q
lel 2/(q-1)2 (R3 _H 2(R3 ‘| 62 (R3
@2 (RY) 2(R}) L52(R2)
(3/2q) 3/2q
<Cflwp w0
2 (®) 2 (®)

(22)

On the other hand, for a magnetic pressure, following
the approach of Theorem 2.1 in [36], it is easy to check
that

7l (e < (I me)) + N0 1 ey ) 1 < < 0.
(23)

With the help of the Hoélder inequality with estimates
(22) and (23), we infer that

+|2

|w

[, et oy el e ey

IR 124/(a-1).2 (]Rz)

2
S CH”HM”(IRi) <H|w | L2 (R)

* H‘w_|2”L24/<q*1>,2(mi >H|w+|2

sl (o

124/(a-1):2 (]Ri)

—2112
O (7 ey

1 — —
+ §(|||w+||Vw+|”Lz(]R3) +|[w”||Vw |||§z(]Ri)).
(24)

14 (R3

And thus, estimate (20) becomes

1d
|w ‘dx+ | |Vw'[|lw Pdx
4dt ]R3
2q/(2q-3) + 2 -2112
<cnnme3(H ymw+mw|uﬁmg>

1 2 _ _
+ 2 (M 190 1 gy + 107199 1 ) )-
(25)

Similarly, we have

1d
- |w_|4dx+ |Vw_|2|w_|2dx
4dt R R
2q/(29-3) + 2 -121)2
<Ot (19 g * 1Py

1 2 _ _
+ 2 (M 190 12 gy + 1719w 1 e )-
(26)
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Summing (39) and (40), we obtain

d A i 1 12 2 “12p, -2
ah3(|w| +w| )dx+§J 3(|Vw Pw P+ Vo Pl d

<q|ﬁ”3QM o) mwﬂﬁmﬂ-

L (R3

(27)
4 4
Let (t):=||w*||jsge) + lw[;2ms)» and thus, (27)
becomes

d 2q

RO C I RO = 05 08)

Applying Lemma 10 (with a=b=2,¢,=4), we have

p(1 p(1-x
) S I I ClI e Iy
p(l-«
< Ol e 1 23
(29)
where we use the following estimate in [37]:
q, (1/q,)~(1/q,)
Fliraguey = (%)
. ||f||LMl(1Ri)’ I1<p<oo,1<q,<q,<00.
(30)

Since the pair (p,,q,) also meets 2/p,+ 3/q, =2, using
estimate (29), (28) becomes

p(1-x)
CH”Hquo(]Rs)

Y(t)l+2x.
(31)

And then integrating with respect to time, we get

2112
qu Ri)”w ||L2(1R3)

IOF

(1) < CR(0) + jnmfl“ n(H)'*ds  (32)

L4 ( R} )
or equivalently,

1 8 ey * 0™ (Ol e

4 _ (I-x
< Cllul gy * ooy + | 170y 3)

(10 ey + I )

Due to Lemma 9, we complete the Proof of Theorem
1 under the assumption (A) in Theorem 1.

Part (B): for this, we use the argument in [16], which
seems like simple method to deal with the pressure term.
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Multiplying both side of (19) by w*|w*[*™*

that for r>1,

, we conclude

(3r-2)12 ’zdx

1 d L, A4(3r—4
*J w7 2dx + MJ IV[w*
+ ]Ri

3r—2dt g (3r-2)?

+J [V P [w* | dx
3

T

= —J V- uf’|w+|3r_4 dx=1I.
]R3

(34)

On the other hand,

IIS(3r—4)J ||V |w*||w* | dx
3

+

172
Sy (j [ ) )

172
(J |V|w+|(3’_2)/2|dx> _
R

Note that 0 < T < a and 0 < I < b; then, I < vab. Combin-
ing (34) and (35), we get
3r-3
dx)
R}

1/2
m<c|| vr-ww | *dx J Ip?
JR3 R?
(3r-3)/2 2
( (19 (Jw' + [w ) )
R

1/4
V|w+|(3r—2)/2‘ dx>
1/4
3r—4)/2
(| (Jo P + o P )’ )>
]R3

1/4

IN
O

T

3r—4 _ 2
+— J V|w+|<3r 22 ax .
(Br-2)" \Ur:
(36)
Due to
2 ~(3r-4)/ — 1 (3r—4)/2
[ e e S LA A R P
2 —1(3r-3)/2 — 1 (3r=3)/2
[, 1o (o %) W+ w57,

T

(37)

we can know that

d i} P §
1w dx + ‘V|w+|(3r W‘ de+ | V' Plwt [ dx
dt R R

(3r-2)/2

2/3
< ||V + w5

(38)

In a similar fashion, if you do it for equation (20), we
have

d 2 _
_J |w"|3”2dx+J ‘V|w‘|(3”2)/2‘ dx+J Vw* P |w* [ dx
dt R R

(3r-2)/2

< VAl |+ w1

(39)

After summing up (38) and (39), using the Sobolev
embedding and Young’s inequality, we obtain

%Jw (|w+|3r_2 + |w’\3’"2)dx

+ j <’V|w+l(3r_2)/2’2 + ‘Vw_l(”m‘z) dx
R}

+J |Vw+|2‘w+|3r—4dx+J ‘Vw7|2|w7|37—4dx
3 3

+ +

2
<C||vr i{%”(H| |(3r— )2 H‘w |(3772)/2 )
L6r103r-2) L876r-2) 1
=Clvr iﬁo(’“ 37— 1-(1/r)) ‘v|w+|(3r—2)/z 2r
LZ
+ || jw |3r 2)/12 V| —|3r2/2 2r
LZ
2
<C|vn i:/msr 3) (H| (622 1y (Gr-2n )
LZ

L J (‘V| 372)/2‘ ‘ww—l(yz)/z‘z)dx

<YVl (w133 ) + w7 132)

2
N _J (‘V| s 2)/2‘ ‘v|w—|(3r—2)/2‘ )dx.

8

(40)

3r-2 3r-2

Let 9 (t) = |lw*[|32ge) + |[w[|732ge)» and then, (40)

becomes
24/(3¢-3
N(t) < V| 10 R(1). (41)

17 (R3)

As the previous way, it allows us to finish the Proof of
Theorem 1. O



Remark 11. In part (B) of Theorem 1, adding the following
conditions

|u||Vu|, |b||Vb] € L2(0, T ; L* (R3)), (42)
we also can obtain Vrr € LP®(0, T ; L?*(R?)) and

HV;THLP,OO(O’T;HW(]RQ) <e with2/p+3/g=3,1<q< 00
(43)

(see [31] for a detailed proof). Condition (42) is too strong
because it is regular condition of weak solutions to (1) (see,
e.g., Lemma 7 in [38] or [39]).
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