Journal of Advances in Mathematics and Computer Science

Volume 39, Issue 12, Page 136-151, 2024; Article no.JAMCS.127395
ISSN: 2456-9968
(Past name: British Journal of Mathematics & Computer Science, Past ISSN: 2231-0851)

Hierarchic Control for a Two-Stroke
Linear System with Missing Data

Ferdinand NIKIEMA 2', Mifiamba SOMA °, Moumini KERE ¢
and Somdouda SAWADOGO ¢

8 Département de Mathématiques, Laboratoire d’Analyse Numériques d’Informatiques et de Biomathématiques,

Université Joseph KI ZERBO, 03 BP 7021, Burkina Faso.

b Département de Mathématiques, (Centre Universitaire de Tenkodogo), Université Thomas SANKARA,

Burkina Faso.

¢ Département de Mathématiques (Institut Science et Technologie), Ecole Normale Supérieure, 01 BP 1757 ouaga 01,

Burkina Faso.

Authors’ contributions

This work was carried out in collaboration among all authors. All authors read and approved the final manuscript.
Article Information

DOI: https://doi.org/10.9734/jamcs/2024/v391121955

Open Peer Review History:

This journal follows the Advanced Open Peer Review policy. Identity of the Reviewers, Editor(s) and additional
Reviewers, peer review comments, different versions of the manuscript, comments of the editors, etc are available
here: https://www.sdiarticle5.com/review-history/127395

Received: 02/10/2024
Accepted: 06/12/2024

’ Original Research Article Published: 21/12/2024

Abstract

In this paper, we study a new hierarchical control problem for a linear two-stroke missing data problem, adjoint to
an age and space structured single species population dynamics problem. We show that there are two controls such
that the first control, called the follower, solves an optimal control problem which consists in bringing the state of
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the two-stroke linear system to a desired state, and the second control, called the leader, solves a null controllability
problem. The results are obtained by means of an observability inequality associated with a homogeneous Dirichlet
boundary condition.

Keywords: FOptimal control; carleman inequality; null controllability; missing data; population dynamics; low regret
control; euler- lagrange formula.

AMS Subject Classification: 35Q93, 49J20, 93C41, 93B05, 92D25.

1 Introduction

We consider a population with age dependence and spatial structure, and we assume that the population lives in a
bounded domain Q < R™, n € N\ {0} with boundary I of class C2. Let q = g(¢,a, x) be the distribution of individuals of
age a €[0,A] at time ¢ € [0,T'] and location x € Q. Let also A = 0 be the life expectancy of an individual and the final
time 7'= 0. Let w1 and w9 be nonempty subsets of Q such that w; cwge. We set @ =(0,7") x (0,A) x Q, ol =,T)xQ,
04 =(0,4)xQ, 04 = (0,7) x (0,4) x w; with i € {1,2}, £ =(0,T)x (0,A) xT and X1 = (0,T) x (0,A) x 1. We denote
by u = u(t,a,x) = 0, the natural death rate of individuals of age a at time ¢ and location x. Then, we consider the
following linear system:

0q 0q .
-— - —Aq+pg = g+hypitkye2 in @,
ot Oa
q(t,a,x) = 0 on X, 1
(1)
q(T,a,x) = 0 in QA
gt,Ax) = 0 in QT

where the controls v and k& belong respectively to L2(wTA) and L2(wg A), xx denotes the characteristic function on
the open set X. The function g is unknow and represents the supply of individuals and brows the set @ a closed vector
subspace of L2(Q). We make the following assumptions

1 € L*°(@); p1(t,a,x) = 0for (¢,a,x)in @, 2)

{ wt,a,x) = pola)+ p1(¢,a,2)in @,
po >0, po € L7, (0,A), lim,_ 4 f§ po(s)ds = +oo.

Under the above assumptions on the data as in (G. Mophou and Njoukoué, 2020), it is well known that the system
(1) has a unique solution : q(k,h,g) = q(t,a,x;k,h,g) € L2((0,T) x (O,A);Hé(Q)). Moreover, there exists a constante
C =C(T) > 0 such that

+ A2 +Ik)2 ). 3)

2 2
1a0 20,10, 4nm ) = CUENL2Q) + W2 ray + WRU 5 a

Remark 1. The variable p = u(¢,a,x) represents the natural mortality rate of individuals as a function of their age a,
time ¢, and position x in a given domain. p models the natural mortality rate of the population, meaning it acts as a
diminishing factor for the population. Mortality depends on three variables—time, age, and position—allowing for the
representation of a population with spatial structure and dependencies on time and age. It is decomposed into ug(a),
which depends solely on age a, and a function p;(¢,a,x), which depends on all three variables. This decomposition
distinguishes an intrinsic mortality component related to age from the temporal and spatial components.

u11(t,a,x) = 0, ensuring that natural mortality does not negatively reduce the population.
to(a) > 0, so that intrinsic age-based mortality is positive.

A boundary condition is imposed on pp, meaning that fg Ho(s)ds tends to infinity as a approaches the maximum life
expectancy A, indicating that survival probability decreases with age.
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The system (1) is the adjoint of a population dynamics problem which, based on environmental sciences, can model
an optimization process aimed, for example, at eradicating a harmful population such as armyworms in a cotton field.
The presence of these pests can have devastating effects on crops, leading to significant losses in terms of yield and
quality. This model plays a crucial role in a biodiversity management system, as it seeks to maximize the protection
of agricultural crops while minimizing the damage caused by these pests. The region Q represents the cultivated
cotton field where the goal is to control and eventually eradicate the armyworms. This domain includes two specific
subregions represented by the sets w1 and wo.

* The exact source of the armyworm infestation is unknown and is represented by the unknown g. This could
be due to eggs randomly laid by migrating moths or to unidentified local egg-laying sources.

¢ Initially, the control v is applied in the subdomain wi, a specific part of the field’s interior, to regulate the
density of armyworms and achieve a desired state. This control can take the form of pheromone traps,
installed in a targeted area to attract and capture adult male moths, thereby limiting their reproduction
without requiring full-field coverage.

* Subsequently, in a second phase, the control % is applied in the subdomain w9, a region encompassing w1,
to gradually reduce the population of armyworms until their extinction at the initial time 0. This control
may involve the use of specific parasitoids, such as Trichogramma parasitoid wasps, to target and eradicate
armyworm eggs. By significantly reducing the armyworm population in the treated areas, their overall
reproductive capacity is disrupted, leading to complete eradication across the entire field.

In this work, we focus on the following problems:

Problem 1. The control k being fixed in L2(ng ). For vy >0, find the control hY = kY (k) € L2(w{A) solution of

inf  supdi(k,h,g), 4)
heL2(wT4)ge0
where
Tk h,g) = Ik, b g) = J(0,0,8) = Ylgl2s g ®)
and
J(k,h,8) = gk, h,g) — 21125, + @l : (6)
d LZ(Q) Lz(w{A)

with zq € L2(Q) and a > 0.

Problem 2. Let AY(k) be the control obtain in the first objective and ¥ = q(t,a,x;k,RY(k)) be the associated state.
Find the control k € Lz(wg ) such that

§7(0)=q(0,a,x;k,h")=0 in Q4. )

Remark 2. In this paper:

* a represents a weighting parameter in the cost function. It controls the importance of minimizing the term
||h||2, which corresponds to the effort or intensity of the control A.

* z4€ L%(Q) is a target state or a desired density for the harmful population in the domain Q.

¢ The relation (6) measures the difference between the current state ¢ and the target state z4, while adding a
term to minimize the control effort 4. The goal is to minimize J by finding an optimal control 4.

* y>0is a parameter that controls the impact of the uncertainty g in the cost function «/j.

The Stackelberg leadership model is a multiple-objective optimization approach proposed by H. Von Stackelberg in
Shionoya (2012). This model involves two companies (controls) which compete on the market of the same product.
The first(leader) to act must integrate the reaction of the other firms (followers) in the choices it makes in the amount
of product that it decides to put on the market. There are several works in the literature dealing with Stackelberg
strategy for distributed systems. J. L. Lions in Lions (1994) used the Stackelberg strategy on a system governed by
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a parabolic equation subjected to two controls. For more literature on stackelberg control of parabolic systems, we
refer the reader to Mercan (2013a,b); Nakoulima (2007); Njoukoué and Deugoué (2021); L. Djomegne Njoukoué and
Deugoué (2019); L. Djomegne and Tiomela (2022); et al. (2024); F. Nikiema and Soma (2024); R. G. Foko Tiomela and
N’Guérékata (2020); De Teresa (2000). Concerning Stackelberg control in population dynamics, we can cite the work
of M. Mercan et al. in Mercan and Nakoulima (2015) and G. Mophou et al. studied in G. Mophou and Njoukoué (2020)
the hierarchical control for a population dynamics model with the distribution of newborns as unknown.

In this paper, we propose a Stackelberg control problem with the supply of the invasive species as unknown. We
believe that such a Stackelberg control problem has not yet been considered . This problem is ill-posed, we can
not directly solve the associated optimal control problem. We use of the low-regret control developed by J. L. Lions
for the follower, and appropriate Carleman for the leader. The main difficulty lies in obtaining the Carleman-type
observability inequality associated with the adjoint system, where we have sometimes had to resort to the Poincaré
inequality. More precisely, we prove the following results.

The result obtain when solving problem(1) is as follows

Theorem 1.1. Let Q be a bounded subset of R, n = 1 with boundary T of class C2. Let w1 and wg be nonempty
subsets of Q with w1 < wg. Let also k € Lz(ng) and y > 0. Then there exits ( p¥, 1V, 67 ) such that the optimization

problem (4) has a unique solution hY = hY (k) € Lz(w{A) which is characterized by the following optimality system:

aq¥ g
_%_ai_Aqyﬁ-uqy = hy%w1+k7(w2 in Q,
qy = 0 on Z, (8)
q"(T,.,) = 0 in QA,
q"(,A,) = 0 in QF,
opY 0
% OL ApY +up? = q¥-zq+-—=6Y in @,
pY = 0 on I, 9)
pr,.,.) 0 in QA4
pY(,0,) = 0 in Qf,
oY Y
—%———ATY+MTY = ¢q¥ in Q,
¥ = 0 on I, (10)
0,,) = 0 in QA
77(,,0,.) 0 in T,
57 o 1
_i_i_A(sy_Fu&Y = —1¥ in Q,
ot VY
Y = 0 on X, (11)
NT,,) = 0 in 04,
5Y(,A,) = 0 in QT
Y
w =2 a4, a2)

Moreover there exists a constant C = C(y,a,T) > 0 such that

”hYHLZ(w{A) = C("k ”LZ(ng) + ”Zd ”LZ(Q)) (13)
Remark 3. ¢ In relation (12), the control AY applied in a subregion w{A is linked to a "correction pressure"

pY, which reflects the deviation between the current state of the system and a target (such as reducing the
invasive population or achieving a desired distribution). p? can be interpreted as a measure of sensitivity or
the marginal cost associated with the control decisions AY. The factor a > 0 acts as a weighting parameter,
limiting the intensity of the control. Physically, this could represent a constraint on the resources available to
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implement the control (e.g., limits on pesticides or intervention measures).

In summary, the control 2" is proportional to a local measure of effort (p?), modulated by the available
resources ().

¢ Relation (13) imposes a global limitation on the total intensity of the control A", as a function of the control
k and the desired state z;. Physically, this could correspond to coordination between two management teams
operating in their respective regions (w{A and wg 4,

The result obtain when solving problem(2) is as follows

Theorem 1.2. Assume that the assumptions of Theorem 1.1 hold. Then there exists a positive real weight function 6
to be define later by (68) such that, for any function zg € L2(Q) with 0z4 € L2(Q), then there exists a unique control
kY €L2(ng) such that (kY,qY,ﬁY,fY,(SY] is the solution of the null controllability problem (7)-(8). Moreover

B =Y inwl4, (14)
apY  apY v M
WL A rpp’ = WY+ in Q,
ot Oa (15)
oy =0 on X,
p7(,0,.) 0 in 0,
oY oY . y oY
e — AP Yy = _E i
at  da e o for 0 Q,
vy = 0 on X, (16)
vrr,,) = 0 in QA4
Pr(,A,) = 0 in QT
007 0¥ 1.
S T A e = —¢ in @,
ot da JT
o = 0 on X, an
oNT,.,) = 0 in 04,
A",A,) = 0 in QT
Y o 1.
WL Nrapl? = L g,
ot 0 ’ JT
=0 on X, (18)
{ro,.,) = 0 in 04,
.,0,) = 0 in oF,
and
1B 2 14) = Cll02all L2(q)- (19)
Remark 4. e Inrelation (14), kV acts as a direct response to the needs expressed by p?, which reflects the effort

required to meet the control objectives.

* In relation (19), the total intensity of 27 is bounded by the needs expressed through z;, weighted by 6. This

bound ensures that the control remains proportional to the set objectives while maintaining overall system
stability.

Remark 5. The rest of the work will be organized as follows. In Section 2, we study Problem (1) corresponding to
solving the optimal control problem. In Section 3 we establish an appropriate inequality of the Carleman type and
give the proof of Theorem 1.2. Finally, in Section 4 we conclude.

Let us now move on to a detailed analysis of the first objective of the problem, which aims to minimize the regret
associated with the follower’s control in a hierarchical framework.
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2 Study of Problem 1: low-regret Problem

2.1 Reformulation of the optimization Problem 1

Lemma 1. For geO, h €L2(w{A) and k rst(a)gA ). Then, we have:
J(k,h,g)—J(O,O,g):J(k,h,O)—||zd||i2(Q)+2fQT(t,a,x;k,h)gdtdadx,

where T =1(t,a,x;k,h) € L2((0,T) x (0,A); H} () is solution of :

E—O——Arﬂn = q(k,h,0) in @,
T = 0 on Z,

«T,,) = 0 in QA4,

7(,A,) = 0 in QT

Proof. From the uniqueness of the solutions (1), we have the following decomposition:
q(k,h,8) = q(k,h,0)+q(0,0,2).
It is important to note that
I(k,1,0) = ks, 0) = 2al 7 ) + @I s
J(0,0,8) = 19(0,0,8) =24l 72 -
According to (4), (22), (23) and (24), we have:

T(k,h,8) = J(0,0,8) = T(k, 1,00 12412 g +2(a(k, ,0);0(0,0,8) 2q),

Now, if we multiply the first equation of (21) by ¢(0,0, g) and integrate by parts over Q, we obtain

(Q(k,h,O);CI(O,O,g))Lz(Q)=fQT(t,a,x;k,h)gdtdadx.

Combining the latter inequality with (25), we obtain (20)

(20)

(21)

(22)

(23)

(24)

(25)

O

Lemma 2. For k fixed in Lz(ng) and y > 0. Then the optimisation problem (4) is equivalent to the following optimal

control problem: find the control hY := hY (k) ELZ(wTA) such that

Y(RY)= inf  Y(h),
heL2(wT4)

where

1
— 2 . 2
Y() = (1,00~ 24 2 gy + 3 17051 DI g

Proof. According to (20), the optimization problem (4) is equivalent to

heL?(wT
Using the Frenchel-legendre transform we have the following result

Vg2, )=t . 2
zlelg((T(t,a,x,k,h),g>L2(Q) 2 ”g"Lz(Q)) = 2y ||T(t,(1,3C,k,h)||L2(Q).

Therefore, Using the previous equality the optimization problem (4) becomes:

inf  [J(k,h,0)—llzql
)

1
SNt a2k, 0125, 1.
heL2(wT4 Y

2
e’ 12@Q)

. Y 2
£ [J(k,h,0)—llzgl2 2 f t,a,x;k,h)g dtdadx — - )
in A)[ (k,h,0) ||zd||L2(Q)+ :rlelﬁp( Qr( a,x )8 adx 2||g||L2(Q))]

(26)

(27)

(28)

(29)

(30)

O

We now demonstrate that the reformulated problem admits a unique solution, characterized by optimality conditions

that we will establish.
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2.2 Proof of Theorem 1.1

Let y > 0. We have Y(h) = —|lzg4 ”%2(Q) Vh e L2(w{A), hence the set {Y(h),h € L2(a){A)} is nonempty and lowered by

R, and therefore the inf ” Y(h) exists. We can prove using minimizing sequences and standart arguments that
heL2(wT4)
there exists a unique Low-regret control A" solution to problem (26).

Now, Let us write the Euler Lagrange optimality conditions which characterize the optimal control A7:

Y(AY +AR)-Y(RY
YOI =ZXYRD oy per?wT4). (31)
A—0 A
After some calculations, (31) gives
1 1
(q:9" —Zd>L2(Q) + a(hy;mLz(w{A) + <ﬁf; ﬁTY}LZ(Q) =0, (32)

where ¢ = (t,a,x;0,h,0) € L2(0,T) x (0,A); H}(Q)) and 7 = #(t,a,x;0,h) € L2((0,T) x (0,A); H}(C2) are respectively
solution of

_____ Adg i = h :
3t 9 q+ut{ Yol in @,
g = 0 on X, (33)
g(T,,) = 0 in 04,
a,A,) = 0 in Qf,
and
ot ot . _ . o
ot " a pro= 4 5,
T = 0 on Z, (34)
70,.,) = 0 in QA
7(,0,) = 0 in QT

To interpret (32), we consider the adjoint states p? and 67 respectively solution of (9) and (11 ). If we multiply the
1

first equation of (34) and (33) respectively by 757 and p?, integrate by parts over @ and using (32), we obtain:
Y

Y
hY:—p—in(u{A.
a

At present, we decompose ¢¥ and 77 the respectively solution of (1) and (21) as follows:

q" =q(h")+ L&) and TV=%hY)+0O, (35)
where £ (k) and © are respectively solution of
0¥ 0%
0~ —AZL+pL = kye2 in Q,
ot Oa
£ =0 on X, (36)
L(T,,) = 0 in QA4
Z(,A,) = 0 in QT
and 00 00
4+ —_A - A& 3
0t+6a 0+ uo g in @,
® = 0 on Z 37
00,,) = 0 in 04,
0(,0,) = 0 in QT

Moreover there exits a constant C = C(T') > 0 such that

”q"Lz((O,T);Hé(Q)) = C”hy”Lz(w{A), (38)
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||$”L2((0,T);Hé((2)) = C”k ”Lz(wg‘A), (39)
”f"Lz((O,T);Hé(Q)) = C"hY”Lz(w{A), (40)
”®”L2((O,T);Hé(9)) = C"k ||L2(wg‘A)- (41)

According to the Euler Lagrange conditions given by (32) and the decomposition of ¢¥ and 7V given by (35), for any
he L2(w{A), we have

1
0=n(h,hY)+ (qh); L(k)-zd)12q) + ;(f(h);G»LZ(Q), (42)

where
= 1 _
ﬂ(hy,h) = (q(h),q(hY»LZ(Q) + (X(hy;h>L2(w{) + ;(T(h),T(hY»LZ(Q)

Taking A =AY in (42), using Cauchy Schwarz inequality and (38)-(41), we have
n(hY 1Y) = COLDIRY Ny ra (1Rl a1y +12dl2@)-
Then (13) is true.

The analysis of leader control is based on obtaining a Carleman-type observability inequality, which we present and
prove in this section.

3 Carleman Inequality

We use Carleman inequalities to provide an observability estimate, which is essential for solving the null controllability
problem. To this end, for pg € L2(QA ), we consider the adjoint systems of (8)-(11):

opY  dpY
L+L—Ap7+upy = Y'+o¥ in @,
ot Oa
p¥ = 0 on I, (43)
Y = o0 i A
p¥,.,) = p in  QF,
p7(,0,) = 0 in QT
AP ¥
——— = —— AP ¥’ = ——p¥y,1 in @,
ot oa a
wr = 0 on X, (44)
YXT,,) = 0 in 04,
WY(,A,) = 0 in QT
@Y oY 1
—— - — A" +pd" = —¢¥ in @,
ot 0 VY
o = 0 on I, 45)
o¥(T,.,) = 0 in QA4,
@Y(,A,) = 0 in QT
ocY ocY 1
L+L_ACY+MCY = —\IJY in Q,
ot 0 VY
¥ =0 on I, (46)
¢¥0,,) = 0 in 04,
¢¥(,0,) = 0 in oT.
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If we set p¥ = VY + @7, we have

Y Y
—%—%—Aehugy = %Cy_épylwl in @Q,
of =0 on X, “n
oTA,.,) = 0 in 04,
o', T,) = 0 in QT

Let wg be an open set such that wg < w’ € wg c= Q. Then there exists y € C2(Q) such that:

plx) >0 VxeQ; Vyx)#0 VxeQ-wg (48)
yx) =0 Vxels
For any 1 >0, we use the function ¥ defined previously to construct the weight functions ¢ and n define by:
M)
t = 49
o(t,a,x) T DalA—a) (49)
MYl _ gAY (x)
t = 50
n(t,a,x) (T —Da@—a) (50)
Let f € L%(@Q) and z € L%((0,T) x (0,A); H} () be the solution of
Lz = f in @,
{ z = 0 on Z. 1)

Then, the following proposition provides the expression of a global Carleman inequality associated with system (51).

Proposition 3.1. G. Mophou and Njoukoué (2020) Let wg < 0’ < wg == Q. Let also v, ¢ and 1 be defined as in (48),
(49) and (50) respectively. There exist constants Ay >1and C = C(t//) > 0 such that for all A > A, for all s > sqg and for
all z € L2((O,T) X (O,A);H(l)(Q)), we have :

T prA
J{(z)sCl(f e 2N £ 2 dtdadx+s3ﬂt4f f fe—2$"<p3|z|2 dtdadx]. (52)
Q 0 Jo Jo
where
TA oyl T2A% 0.5 . 13,2
so)=C1(y)— e °°(T+T A3+ T3A%2 4T+ A)and

K (z)= S/lfQ e_2817<,0|Vz|2 dtdadx+33/14er_zs"tp3 |z 12 dtdadx. (53)

The following proposition provides the expression of a Carleman inequality adapted to the adjoint systems (43)-(46)

Proposition 3.2. Let wgcw' cwg cc Q. Let also v, ¢ and 1 be defined respectively by (48), (49) and (50) then there
exist a constant C = C(y,y,a,T,s,A) > 0 and positives weight functions x and 0 to be define respectively by (68) and
(70) such that the following estimate holds for all (p¥,¥7) solutions of (43) and (44)

2

Y2
¥ 1750, +

1 2
— oY < Cf | p¥ |* dtdadx, (54)
02" 2@~ JolA

Proof. In the first time we apply inequality (52) to (p?,Y), the respective solutions of (43) and (47). We obtain the
following expressions:

T rA
x(pY)sC(w)[er—Qsmsz dtdadx+s3/14f0 fo f/e_QST’(p:gleIz dtdadz), (55)
w
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and

1 1 (T A _
JK(QY)sC(w)(WC(T)Ilpylli%fAﬁﬁfo fo fwezsnlpylzdtdadx
1

T rA
+33/l4f f f e 23| o7 |2 dtdadx). (56)
0 Jo Jo'

Indeed, taking into account Poincaré inequality, there exists a positive constant C = C(T') such that

1 -8 2
=le™ Y%, Loy S 9 Lo
Y L=2((0,T)x(0,A);H(€2)) L2((0,T)x(0,A);H(€2))
1
V12
Clao,Dlip ”Lz(w{A)'

1
—CDIVY |2
Y

<

" (ay)?

(567

Since e_2377<p3 € L*°(Q), inequality (56) becomes

1+v2 T rA B
H (" = ) (;Y))/ZC(T) fo fo fw e 23 | ¥ |2 dtdadx
1

T rA
+s324 f f f e 2N y3 | oY |2 dtdadx). (58)
0 JO Jwg

Since w1 <Q, s,A>0, and (,0_1 € L®°(Q), combining the inequalities given by relations (55) and (58), we obtain

T rA
Z(p7)+I(QY)SC(1//)SS/14f0 fo f e 2Mp3( 10" 12+ pY 12 ) dtdadx
wo

1+y2 2.4 [ —2sn 301 ¥ 2. 72
5 +1 Cy)s®A e e (107 17 +1p" I”)dtdadx.
(ay) Q

+

2
Since wg < wg, by choosing s such that s =s1 = max{so,Z(% + 1]0(1//)}, we have

T rA
J(pY)+J(gY)scls3A4f0 fo f e 2Mp3(| oY 12 + | 0" 12 ) dtdadx, (59)
w3

where C =C(y,y,a,T) > 0.
In the second time, we consider as in G. Mophou and Njoukoué (2020) the function 8 € CSO(Q) and such that

0<0<1, =1 in o, 0=0 in Q\ws,

AO Vo
T € L®(wy), oy € [L®wa)IV. (60)
2 2

Set u = s3A4<p3e_2s’7. If we multiply the first equation of (43) by u6p? and integrate by parts over Q, using the Young

145



NIKIEMA et al.; J. Adv. Math. Com. Sci., vol. 39, no. 12, pp. 136-151, 2024; Article no.JAMCS.127395

inequality, we obtain

f u|97| dxdt<z 3 ulgylzdtdadx
i=1

1
+ 5[Qsﬂ(pe_25" | VoY 12 dtdadx

+ C(u/)f ) s A0 e™25M | pY 12 dtdadx
Wy
1
+ —f s3A43e™2M | o7 2 dtdadx
a Jol4

L2

314,33, -2sn| .y 2
> ferAs AZp°e |¢c! |“ dtdadx.

Since e‘2s"<p3 € L°°(Q). Using (46),(3) and the Poincaré inequality, we have

1
f o $31%3e2M | ¢V 12 dtdadx < WC(T) f s SSARQe 7 | oV 2 dtdadx.
w wz

5
Choosing Z % = —. If we Combining (61), (62) with (59), we obtain

F () + (") =<Cy,y, a,T)[Q sA(pe_Qs’7 | VoY 12 dtdadx

+C(1//,y,oc,T)f A s A% e 25N o 2 dtdadx
Wy

1 2
=g +ijewran f oy S ARG | pV 2 dtdadx.
Yo a Wy

Using (53) and choosing 1 = 11 = max(19,2C(y,y,a,T), we have

KN+ X (V) <Cly,y,a,T) f o 'A% e 25N o 2 dtdadx
Wy

1 2 3,4 3 %, y2
+(W+E+1)C(u/,y,T)fszAs A p3e 251 oY 12 dtdadx.

Set s =2 51 = max(sg,2C(y,y,a,T), and A = A9 = max(1g,2C(y,y,a,T) and using (53), we have

f e 23 | pY 12 dtdadx < C(y,y,a,T)s" A° f @"e 21| p¥ 12 dtdadx.
%‘A wIA
In the three time, we set

T A
D ={(t,a)€[0;T] x[0;A]lsuch thatt = 3 anda = E}'
We define functions ¢ and 7 by:

0(%,4.%),  Vte[l0;TIx[0;Al]\D

o)
ota,) {(p(t,a,x), V(t,a)eD,

and -
H(t,a,x) = {’7(7’7”6)7 Y(¢,a) € [[0;T1x [0;A]]\ D
n(t,a,x), Y(¢,a)eD.

(61)

(62)

(63)

(64)

(65)
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If we replace respectively 1 and ¢ by 7 and ¢ in (63), we have

fQ e 25153 | oY 2 dtdadx < C(y,y,a, T)s" A° f 1y @720 | pV P dtdads. (66)
Wy
We introduce the function
A(t,a) = maxi(t,a,x), (67)
xeQ)
and we set
x(t,a) = e~ 5171E0), (68)

Multiply (44) by x2¥Y and integrate by part over (2, we have

10

20t
1

+||KV\IJY||E2(Q)+LHK2|\PY |2dx=—af91<2pﬁ1ﬂdx.

10 o on

2 2 e 2, - I P2 — 9 (w72
Fe4 ”LZ(Q) 2% lx¥ ||L2(Q) stl at(K‘I’ )Ydx stlaa(K‘-P Ydx
Integrating this latter inequality over (0,7'), we obtain

1d 9
100, )WY (0,0, M2y + 5 77 KT I ) * I WY (1,0, )l 2

1d on on
2@y 2 _ o g2 _f 0N 2
+2dt ([Fe'4 ”LZ(QT) stl at(K‘I’ Y“dtdadx Qslaa(K\I’ Y*dtdadx

+ VY2

1
2 1wy 2 __ 2 YgY
LQ(Q)+_[QMK | WY |“ dtdadx = anK p'"VY'dtdadx.

0 0
since >0, s1 >0, aﬁ(t,a) and a—ﬁ(t,a) are positive functions on [0,7'] x [0, A], using the Young inequality and the
a

Poincaré inequality, we obtain

1d 1d
Y — Y2 Y — Y2
[lx(0, )V (O,a,.)lle(Q)+2 tIIK‘I’ ||L2(QA)+||K(.,O)‘I’ (t,O,.)IILg(Q)+2 aIIK‘{’ ”L2(2)

1 1
- Y2 —~ koY I?
+(5 = (O +CCA 51+ lalo) I 12 20,myxc0, 4530 = 702 P WE2(y

We deduce that for (% —-(C(T,s1)+C(A,s1)+ ||y||oo)) >0, we have

1 .
K2 | WY 2dtdadx < — | e 2513 | p¥ |2 dtdadx.
Q 202 JQ

Combining this later inequality with (66), we obtain

_[QK2 | P |2 dtdadx+fQ e_23ﬁ¢3 | oY 12 dtdadx <

Cly,y,a,T)s" 19" f s @ M p7 1P dtdadx (69)
Wy
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We set
1 9.3
i e @°. (70)
Then it folows from (69) that there exists C = C(y,y,a,T,s, 1) > 0 such that (54) holds true O

Building on the previous results, we now address the resolution of the second problem by demonstrating that the
leader control enables the state to reach nullity from the initial condition.

JResolution of Problem 2

In this section, we are concerned with the proof of Theorem 1.2. Recall that the main objective is to prove the
null controllability of g7 at time 0. For any y > 0, we look for a control & € LZ(ng) such that the solutions of (8)-(12)
satisfies (7). To prove this null controllability problem, we proceed in three steps using a penalization method.

Step 1. For any € > 0, we define the cost function:

1 1
Je(k) = —f 1q(0,.,.;k, kY (k),0) |2 dadx+—f |k |2 dtdadx. (71)
2€ JoA 92 wZTA

Then we consider the optimal control problem: find kz € L2(wg 4 such that

Je(kD) = inf  Je(k). (72)
keL2(wI4)

Using minimizing sequences, we can prove that there exists a unique solution kz to (72). Using an Euler-Lagrange
first order optimality condition that characterizes the solution k¢, we can prove that

kL =p! in ol4, (73)
opl  opl .
o el rppl = Wl+ol in @
Yo _
Pe = 01 on Z, (74)
pl,.,) = _zqe(o,.,.,kz,h(kb,m in 04,
pl(,0,) = 0 in QT
ov! ov! _
— S T e AYIHpY] = ——plre, in @,
vl o= 0 on I, (75)
vir,,) = o in 04,
PIA) = 0 in of,
w! ! 4 1oy .
—— - — Ao, t e, = — ,
ot 90 e T HWOe ﬁ(e in @
o/ =0 on I, (76)
o(T,.,.) = 0 in 04,
ol(,A,) = 0 in T,
6CY 0¢, 1 .
é_te 66 Acz+ucz = W‘PZ in @,
d =0 on I, (77
cJo,,) = 0 in QA4,
cJ,0,) = 0 in T,

and qz, pz, rz, 62/ is the solution of systems (8)-(11).
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Step 2. If we multipliy the first line in (74)- (77) respectively by qz, pz, TZ, 62/ solution of (8)-(11), and integrate by
parts over Q, we obtain:

1
ZIlqe(O,.,kZ,h(kZ),O)IIiZ(QA)+ fw " kX pldidadx = fQ zq¥!dtdadx. (78)

Since 0z4 and %zd belongs to L2(Q). If we use Cauchy Schwarz inequality, we have

fQ z2q¥)dtdadx <

1
-z
xd

IK®Y I 200)- (79)
g F@

Now, if we apply the carleman inequality (54) to ‘I’Z and pZ, using (73), (79) then there exits C = C(y,v,a,T,s,A) such
that (78) can be rewritten

1
-z

1 Y 2y a2 Y2 Y
ZIICIe(O,~,~,k6,h(k6),0)llL2(QA)+IIkEIILQ(wZTA)SC el I ke L2Th)’ (80)
Hence, it follows that
1 o ray <C | 22 and 8D)
€L (”2 ) K L2(Q)
160, Y RED, Ol 2y < CVE| 22| &2)
€ € L~(Q4) K 12@Q)
Using (13) and (81), there exists C = C(y,y,a,T,s,A) > 0 such that
ey =C(| 2a| | +lzalag) (®9)
L2(T4)) 20 @

Using the fact that kz satisfies (81), we deduce (qz, pZ, TZ, 53) is solution of systems (8)-(11), associated to the control
hz satisfies (83). Then we can extract sub-sequences still denoted (&)), (h1), (g]), (pz), (TZ) and (52/) when € — 0, we
have

kL —E7 weaklyin L%(wl4), (84)
Rl —RY weaklyin L%(wT4), (85)
ql —§" weaklyin L%((0,T)x (0,A); H}(Q)), (86)
pl—p7 weaklyin L%((0,7)x (0,A); H} (), (87)
1/ — 17 weaklyin L%((0,T) x (0,A); H (), (88)
%TZ’—‘%‘EZ weaklyin L2(Q), (89)
67— 87 weaklyin L2((0,T)x (0,A);H3(Q)), (90)
%5Z~%SZ weaklyin L%(Q), (1)
77 0,.,. kY he(k]),00— 0 stronglyin L2(Q%). (92)

Proceed as in[ G. Mophou and Njoukoué (2020), Section 3, Step 2] and using (84) - (92), we prove that (¢", 5", 1?,87)
is a solution of (8)-(11) and we have
§70,.,)=0 in Q4.
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Step 3. We study the convergence when ¢ — 0 of the sequence pZ, ‘PZ, (DZ and ¢ Z Using the definition of ¢ and 7,
it can be readly seen that there exists a constant C > 0 such that

D~

x=C and =C.

And therefore using (73), (81) and the carleman inequality given by (54), we obtain

2

2 1
ol C|l =2 (93)

1% 172 gy *+ Q=

L2@)

2@

where C = C(y,v,a,T,s,A) > 0. Using hence, we deduce that (74)-(77) and (93), we can extract subsequences still
denoted pz, \PZ, (DZ, (Z such that when € — 0, we obtain

pl — 57 weaklyin L2(@Q), (94)
Y 97 weaklyin L2((0,7)x (0,A); HH(), (95)
{0 =8 weaklyin L2((0,T)x (0,A); H}(Q), (96)
ol —~ @7 weaklyin L%((0,7) x (0,A); H3 (). 97)

Using (73), (84) and (94), we deduce that
g7 =EY in ng.

Now, if we use (94)-(97), we can prove by passing to the limit in systems (74)-(77) that the functions (37, ¥V, &7,
(") is solution of (15)-(18). Moreover, using (84) and (81), we deduce the weak lower semi-continuity of the norm the
inequality (19).

4 Conclusion

Through hierarchical control, we have demonstrated the existence and uniqueness of two controls. This problem was
ill-posed. This is why we have used the least regret control developed by Lions and adapted to problems with missing
data. After establishing a Carleman observability inequality, we were able to solve the null controllability problem
associated with (1). In perspective we apply the Stackelberg-Nash strategy to this problem.
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