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Abstract

Consider the following space-time fractional heat equation with Riemann-Liouville derivative of
non-homogeneous time-fractional Poisson process

atﬁu(x7 t) = —K(—A)a/2u($7t) + IE_B[U(U)DEN)\V@)L t>0,x€ Rd7

where & > 0, 8,9 € (0,1), v € (0,1], « € (0,2]. The operator DY N¥(t) = %Itl’ﬁN;’(t) =
4N ~7¥(t) with Ny 7" (t) the Riemann-Liouville non-homogeneous fractional integral process,
8{3 is the Caputo fractional derivative, ,(,A)a/ 2 is the generator of an isotropic stable process,
If is the fractional integral operator, and o : R — R is Lipschitz continuous. The above time
fractional stochastic heat type equations may be used to model sequence of catastrophic events
with thermal memory. The mean and variance for the process %./\/' ;_ﬁ’”(t) for some specific
rate functions were computed. Consequently, the growth moment bounds for the class of heat
equation perturbed with the non-homogeneous fractional time Poisson process were given and we
show that the solution grows exponentially for some small time interval t € [to,T], T < oo and
to > 1; that is, the result establishes that the energy of the solution grows atleast as
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ca(t 4 t0) 7 exp(cst) and at most as ¢t~ exp(cst) for different conditions on the initial
data, where c1, c3, c4 and cs are some positive constants depending on 7. Existence and
uniqueness result for the mild solution to the equation was given under linear growth condition
on o.

Keywords: Caputo derivative; energy moment bounds; fractional heat kernel; fractional Duhamel’s
principle; riemann-Liouville derivative; riemann-Liouville integral process.
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1 Introduction
The authors in [1], [2], considered the following equations

Ol u(z,t) = —r(—=A)?u(x, t) + I} P Mo ()W (t, z)],

OPu(z,t) = —k(=A)*u(z, t) + I P No(u) F(t, z)],

in (d + 1) dimensions, where x > 0, 8 € (0,1), a € (0,2] and d < min{2, 3~ *}a, 87 is the Caputo
fractional derivative, —(—A)a/ 2 is the generator of an isotropic stable process, ItB is the fractional
integral operator, W(t, x) is space-time white noise, and o : R — R is Lipschitz continuous. See
[1], [2] for the formulation of solutions of the above equations and [3], [4] for the use of time
fractional Duhamel’s principle and how to remove the operator 8; * term appearing in the
solution by defining a fractional integral operator It1 ~P. We now attempt to define the equivalent
equation for Riemann-Liouville derivative of non-homogeneous time-fractional Poisson process

OPu(z,t) = —k(=A)*"?u(z,t) + I} Plo(u) DY NX(t)], t > 0, z € RY, (1.1)

where DYNY(t) = SI7NX(t) = SNTP%(t) with N{~""(t) the Riemann-Liouville non-
homogeneous fractional integral process studied by Orsingher and Polito [5] and I, tl ~? is the fractional
integral operator. We therefore study some growth bounds for the above space-time fractional heat
equation with Riemann-Liouville derivative of non-homogeneous time-fractional Poisson process
with Caputo derivatives. The mean and variance for the process for some specific rate functions
were computed and consequently the moment growth bounds were estimated, and we conclude that
the solution (or the energy of the solution) grows in time at most a precise exponential rate at some
small time interval.

The fractional Poisson process is a generalisation of the standard Poisson process. The use of
fractional Poisson process has received serious interest for almost two decades now. The process
was first introduced and studied by Repin and Saichev [6], followed by Laskin [7] and many
others like Mainardi and his co-authors [8], [9], [10], [11], Beghin and Orsingher [12], [13], [5] and its
representation in terms of stable subordinator [8], [9], [14], [15] and [16]. See the above papers and
their references for a complete study on fractional Poisson process and its fractional distributional
properties. See a recent article [17] on non-homogeneous fractional Poisson processes which involves
replacing the time parameter in the fractional Poisson process with some suitable function of time
and also some numerical (or modelling) applications in [18], [19] and [20]. The physical motivation
to studying the above time-fractional SPDEs is that they may arise naturally in modelling sequence
of catastrophic events with thermal memories; example, in hydrology and Seismology, it may be
used to model earthquake inter-arrival times, [21], [22], [23], [6] and [24]. Let v > 0 and define the
fractional integral by

If(t) = F#) / (t— )7~ f(s)ds.

(v
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The Caputo time-fractional derivative is given by

u(m)(z,s)

1 ft
DPu(z,t) ={ Tm=p) Jo G=s)pri-m

ds, m—1< 8 <m,
%U(%t): ﬂ =m,
and with m = 1, we denote the Caputo derivative of order 8 € (0,1) by:

s = 1 ' u\x, s ds
Otu(a:,t)—r(l_ﬁ)/o .l s

For 1 -3 €(0,1) and g € L*(R4) or g € C(R), then
07 1 Pg(t) = g(1).

We also define a Riemann-Liouville time-fractional derivative by

dam 1 t f(s)
Dﬁf(t) _ rvzall By ey fo EnEE ds}7 m—1<9<m,
% (), 9 =m.

Now to make sense of the derivative DY f(t) := D”f(t) for m = 1 and ¥ € (0,1), that is, for
DY f(t) = DIHI}P f(t), we state the following theorem:

Theorem 1.1. Let f(x,t) be a well-behaved function such that the partial derivative of f with
respect to t exists and is continuous. Then

b(t) b(t)
%( o f(%t)dw) = /a(t) Ocf (z, t)dx + f(b(t),t).b'(t) — f(a(t),t).a(¢).

Remark 1.2. Let f(s,t) = (t — s)"? N¥(s), then applying the above theorem,we have

1 t
m A 6tf(8,t)d$
9 t

= 7F(1_19)/0(tfs)fﬂlef(s)ds.

Define the mild solution to equation (1.1) in sense of Walsh [25] by following similar step in [1], [2]
as follows:

o Lod [t
DtNA(t)_WE/O f(s,t)ds

Definition 1.3. We say that a process {u(z,t)},crd >0 is a mild solution of (1.1) if a.s, the
following is satisfied

u(@,t) = | Gaplt,z—yuo(y)dy (1.2)

R
t
+ / Gup(t — 5,2 — y)o(u(s,y)) D! N (s)dyds
0 Rd

Gosltir=puo()dy+ | [ Gt =s.0=po(uts.n)

R4

X {F(%fﬂ)/OS(S—T)*ﬂlef(T)dT}dyds,

where Ga,g(t, ) is the time-fractional heat kernel. If in addition to the above, {u(x,t)},crd >0
satisfies the following condition

sup sup Elu(z,t)| < oo, (1.3)
0<t<T zeRd
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for all T' > 0, then we say that {u(z,t)}zcr,t>0 is a random field solution to (1.1) with the following
norm:

15 = sup sup e "'Blu(z,t)|, for 8> 0.
t€[0,T] zeR4

[l

The paper is outlined as follows. Section 2 gives the summary statement of theorems of the main
results. Section 3 surveys some basic preliminary concepts, including estimates on the mean and
variance of the Riemann-Liouville fractional integral process and its non-homogeneous counterpart.
Some auxiliary results for existence and uniqueness result were obtained in section 4, and the energy
moment growth estimates, proofs of main results and conclusion of the results given in section 5.

2 Main Results

We assume the following condition on o; which says essentially that o is globally Lipschitz:
Condition 2.1. There exists a finite positive constant, Lip, such that for all z, y € R, we have
lo(z) — o(y)| < Lip,|z —yl.
We will take o(0) = 0 for convenience.
For the lower bound result, we require the following extra condition on o:
Condition 2.2. There exists a finite positive constant, L, such that for all x € R, we have,
o(z) > Lo|x|.

Here, we give the statements of our main results. The first result follows by assuming that the
non-random initial data uo : R* — R is a non-negative bounded function.

Theorem 2.3. Given that condition 2.1 holds and ug bounded above, then there exists to > 1 such
that for all to <t < T < oo, we have

sup Blu(z,t)| < eit” ™ exp(est),
zeR4

_ CTV—ﬂ+§(1—d)7 ALip,ca Tu—19+g(1—d).

and c3 = Fa-050)

with c1

Next we drop the assumption that the initial condition wug is bounded above and assume that uo(x)
is positive:

Definition 2.4. The initial function uo is assumed to be a bounded non-negative function such
that

/ uo(z)dz > 0, for some A C R%.
A

That is, we define uo as any measurable function ug : R¢ — Ry which is positive on a set of positive
measure. This assumption implies that the set A = {x suo(z) > %} C R? has positive measure for
all but finite many n. Thus by Chebyshev’s inequality,

/ uo(z)dz > / uo(z)dz > lu{:r sug(z) > l} >0,
R4 {x:ug(x)>%} n n

where p is a Lebesgue measure.

Therefore with the assumption that the initial condition wug is positive on a set of positive measure,
we then have the following lower bound estimate:
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Theorem 2.5. Suppose that condition 2.2 together with ||uol| 1 (5(0,1)) > 0 hold. Then there exists
to > 1 such that for allto <t <T < oo, we have

in(f )E|u(:c,t)| > cu(t +to)” " exp(est), for allt € [to, T],
z€B(0,1

where ¢4 = c1 (T + 150)7{/6‘1/‘“”97”}7 and c5 = %(T + to)yfﬂTfﬁ/a.

We also give equivalent results for the non-homogeneous fractional time process for the Weibull’s
rate function as follow:

Theorem 2.6. Given that condition 2.1 holds and uo bounded above, then there exists to > 1 such
that for all to <t < T < oo, we have

sup Elu(z,t)| < ert? ™

z€R4

exp(cst),

) _ pav—9+8 (1—d) _ b "Lipyep T'(14av) mav—9+5 (1-d)
with ¢; = cT' o s and €3 = w8 Fa—vran L 2 .

Theorem 2.7. Suppose that condition 2.2 together with |[uol| 1 (5(0,1)) > 0 hold. Then there exists
to > 1 such that for all to <t < T < oo, we have

inf  Elu(z,t)] > ca(t + to)” ™ exp(cst), for allt € [to, T,
2€B(0,1)

—18d Y—av “WLycz I'(l4av av— —
where i = ex(T + o) U400} ang ¢ = A T (T + to) ™~ T/,

3 Preliminaries
Consider the following fractional diffusion equation
0/ u(x,t) = —r(=A)*?u(x, 1),

with initial condition u(z,0) = ug(x). Given that the solution is

u(x7 t) = R GO(HB(L Tz — y)'ll,()(y)dy,

and suppose that G4 g(t, ) is the fundamental solution of the fractional heat type equation
65Ga”(3(t, l’) = _K’(_A)Q/QGaﬁ(t? JL‘)

Take Laplace transform in the time variable and Fourier transform in the space variable of both
sides of the above equation as follows:

§7Ga,5(€,8) = 877" = —rlE|*Cas(€,5),
which follows that
= Pt
Ga ) = "5 cla”
58, 8) 5 1 P
Now take inverse Laplace transform in s, we have
Ga,ﬂ(i; t) = Eﬂ(ilﬂ'ﬂatﬁ)?

where

Eg(z) = Z ma

n=0
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is the Mittag-Leffler function with the following uniform estimate
1 1

- - <EBy(-z) <

1+T(1—-B)x — 8 x)_1+F(1+ﬁ)*1m

Next, take inverse Fourier transform in &,

for z > 0.

—+oo

1 —ix e
Gaplti) = 5= [ e Ba(-nlgl"t)a

—o0
We now make use of the following property of integral
I 1

) +oo
e ee)de = = [ plag) cosagi.

P2

Therefore
+oo

1
Gop(t,z) = = Ep(—k|€|*t?) cos(x€)dE.
Fora=2, =1,

G t 1 +OOE 2t d 1 efzi%zf,ﬁ 1 2
21(tz) = 7/ 1(—kEt) cos(x€)dE = NN/ eXp(irnt)'

Let X, be a symmetric a-stable process on R% whose transition density p(t, x), relative to Lebesgue
measure, uniquely determined by its Fourier transform is:

Efexp(i¢ X)] = / e ip(t, z)dz = "I e e RY
R4

Let {Dg(t)}:1>0 be the B-stable subordinator with Laplace transform E[e P58 ()] = eftsﬂ, or inverse
stable subordinator of index 8 and E; its first passage time. Given that the density of F; is

fe (x) =8 ™ " P gg(ta P,

with gg(.) the density function of Dg(1), then the density G g(t,z) of the time changed process
XEg, is given by

Gap(t,z) = /Ooo p(s, ) fe, (s)ds.

We now present some properties of p(t,z), see [26], that will be needed to prove estimates on
GO@B (tv .’L’)

p(te) = t°p(L,t7" )
p(st,z) = t Yp(s,t™ ") (3.1)

From the above relation, p(t,0) = e p(1,0), is a decreasing function of t. The heat kernel p(¢, x)
is also a decreasing function of |z|, that is,

ja] > || implies that p(t, z) < p(t, ).
This and equation (3.1) imply that for all ¢t > s,

p(sé, m) - (Z>_d/ap(s, (z)_l/aﬂ)
(:)d/ap(s, ) (since (z)l/alxl < \ml)
= (i)d/ap(&x).

p(t,x) = p(t, |=[)
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Proposition 3.1. Let p(t,z) be the transition density of a strictly a-stable process. If p(t,0) < 1
and a > 2, then

1
Proof. Given that
1 2 2
—lo —y| < =fz[ vV =|y| < |z| V|yl,
a a a

then it follows from the above that,

Y

p(t, =) A p(t, [yl)
p(t, |:E|)p(t, |y|) = p(t, x)p(t, y)

plt, (e =) = p(t, 2] v Iy)

Y

The transition density also satisfies the following Chapman-Kolmogorov equation,
[ plt.opls o) = p(t + 5,0)
R4

Lemma 3.2. [26] Suppose that p(t,x) denotes the heat kernel for a strictly stable process of order
a. Then the following estimate holds:

t

W, fOT‘ all t>0 and x, Yy < Rd.

—d
p(t @, y) =t A
Here and in the sequel, for two non-negative functions f,g, f =< g means that there exists a positive

constant ¢ > 1 such that ¢ *g < f < cg on their common domain of definition.

We now state the following estimate on Ga,5(t,z) whose proof in [1] employ the above properties
of heat kernel of a-stable process.

Lemma 3.3. [1/ (a) There exists a positive constant ¢; such that for all x € R?,

_Bd t8
Gag(t,z) >t @ AW :

(b) If we further suppose that o > d, then there exists a positive constant ca such that
_pd t?
Gaﬂg(t,l‘)SCQ t « /\W .

3.1 Homogeneous fractional Poisson process

For the standard Poisson process {N(t)}:>o with intensity A > 0, the probability distribution
satisfies the following difference-differential equation, see [12], [13] and [16],

Lpn,1) = =A(p(n,t) — pln = 1,0), n> 1,

with p,(0) =0 if n = 0 and is zero for n > 1. The solution is given by

p(n,t) = P[N(t,\) = n] = (M)#

The waiting time distribution function for the process is given by ¢(t) = Xe ™ A >0, t>0and
its moment generating function given by

E[e’®] = exp(Mt(e® — 1)), s € R.
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Definition 3.4. (Fractional Poisson process) Fractional Poisson process is a renewal process with
inter-times between events represented by Mittag-Leffler distributions, see [13], [21] and [16]. The
fractional Poisson process N”(t), 0 < v < 1 satisfies

D:pV(an) = _A(pV(nvt)_pV(n_lvt))v
lef/pV (07 t) = _Apl’(oa t)v (32)
with p,(n,0) = 1 if n = 0 and zero for n > 1. The symbol D} denotes the fractional derivative in

the sense of Caputo-Dzhrbashyan, defined by

1 t_f'(s)
m fO (t7;>,, dS, O<r< 1,

DY f(t) =
@), v=1.

The solution is given by

D = PINY(E) = ] = OE)" gy _ E)T S (R (M)
pu(n,t) = PINT(8) = n] = == B (SM0) = = ; Ko T(w(k+n)+1)

Its waiting time distribution function is given by ¢, (t) = A" ' E, 1(—=At") where
k

Eavﬁ(z) = kzzom7 aaB €, R(C!),R(/B) > 07 z € R7

is the Mittag-Leffler function.

Theorem 3.5. [17] Consider the fractional Poisson process {N"(t)}+>0, v € (0,1]. The moment
generating function of the process N”(t) can be expressed as follows:

E[e™®) = E,1(A(e" — 1)t"), s€R.

The mean and the variance of N¥(t) are given by
S Vi vy 2(AtY)? (At")? At
BN Ol =ty VeV Ol= 35 " e+ T T+ D

In general, the pth order moment of the fractional process is given by

E[N"(O))F =) Su(p, k) (M")",
k=0
where Sy (p, k) is a fractional Stirling number.

3.2 Non-homogeneous fractional Poisson process

The non-homogeneous fractional Poisson process is obtained by replacing the time variable in the
fractional Poisson process of renewable type with an appropriate function of time - A(t).

Definition 3.6. (Non-homogeneous Poisson process) A counting process { Nx(t)}+>o is said to be
a non-homogeneous Poisson process with intensity function A(¢) : [0, 00) — [0, c0) if

Nx(t) = N(A(t)), t > 0.

The non-homogeneous Poisson process is specified either by its intensity function A(¢) or more
generally by its expectation function A(t) = E[Nx(¢)]. When the intensity function A(¢) exists, one
denotes

Alt,s) = / AWy,
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where the function A(t) = A(0,t) is known as the rate function or cumulative rate function. The
stochastic process N (¢) has an independent but not necessarily stationary increments: let 0 < s < ¢,
then the Poisson marginal distributions of Ny is given by

—(A(t+5)~A(0) A
P[NA(t + ) — Na(t) =n] = & (2‘(’5 +8) =AD" g,

Remark 3.7. The following are some examples of rate functions:

Weibull’s rate function:

Gompertz’s rate function:

A(t) = =€ — %, A(t) = ae”, a,b> 0,

a
b
Makeham’s rate function:

A(t):%ebt—%—i—,ut, At) =ae” +p, a>0,b>0, u>0.

Definition 3.8. (Non-homogeneous fractional Poisson process) The non-homogeneous fractional
Poisson process is defined as

N(t) = NY(A@®), t>0, 0< v <1,
where N”(t) is the fractional Poisson process and A(¢) is the rate (or cumulative rate) function.

One observes that when A(t) = A/, ¢ > 0 then A(t) = A"t and the non-homogeneous fractional
Poisson process easily gives the fractional Poisson process. The probability mass function of the
non-homogeneous fractional Poisson process is given by

n+k)!  (=A@)")*
k' T(w(k+n)+1)

pAmA@):pwﬂA@):M:jA@yvzy

n!
k=0

Theorem 3.9. [17] Let 0 < s <t < o0, ¢=1/T(1+v) and d = v¢* B(v,1+v) then the mean and
variance of the process NX(t) are given by

E[NX(8)] = gA” (1), Var[NX(t)] = gA” () (1 — gA” (1)) + 2dA™ (2),
where B(a,b) is a Bessel function.

We now return to equation (1.1) and compute the expectation of N'' =% () for the fractional Poisson
process N”(t) and NV} ~?*(t) for the non-homogeneous fractional Poisson process using some specific
rate functions.

Lemma 3.10. Consider the Riemann-Liouville fractional integral process N* =% (t), 0 < 1—9 < 1
and 0 < v <1, then we have

VY

E[D{N"(t)] = E[%Nl‘ﬁ’”(t)} ST+ —0)
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Proof. From Theorem 3.5, we have that

BIDIN“()] = ELGA' (1)

T —s)7 0t Y(s)]ds
= g [ 0T RN e

_ -8 k _ )t As” s
= F(l—ﬁ)/o(t A T PFET

A S ' — ) P lg¥ds
- F(1—19)r(u+1)/0(t ) d

—OX ' (=9) (v + 1)
rA—9)r(r+1) TA+v-19)

O
Lemma 3.11. Consider the Riemann-Liouville fractional integral process
N=P(1), 9 < 1,0 < v <1, we have
I D A’ P(1+2v) ) 20w
VarlgN "0l = a0 =9 " tar 2 —9) EIorE)
Proof. Also from Theorem 3.5, it follows that
VarlSni-twgy) = =V /t(t —5) " War[N¥(s)]ds
dt ra-9) J,
-1 ¢ —v—1
T ARE
v\2 v\2 v
o 28" (AsY) n As ds
rev+1) I?w+1) I'v+1)
_ )\tufﬁ
T+ v-9)
—9N? 2 1 K —9—-1_2v

+ r(1—0){r(2y+1) - r2(u+1)}/0 (=) sds

B A 2y 2 1

T T(+v-9) TOA-9)|\T@v+1) T2(r+1)

% t2u—19r(1 + 21/)1—\(719)

I'(1+2v—-9)
O

Lemma 3.12. For the Weibull’s rate function A(t) = (£)" and 9 < 1:

b=t TUD(1 + av)
'v+1) TQl—-d+av)’

BLSAL(0)] =

p—2av t2“”7191j(1 + 2av)

d S d —9,v
Varlggha ™ 0] = BT O+ d = O gy

with q and d as given in Theorem 3.9.

10
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Proof. Now from Theorem 3.9, we have that

BN 0l = gy ¢ T BN s

= rarern () e

_ T et vy,

= r(1—0)r(u+1)/o(t ) d
—9b~ t" T (=)L (1 + av)

r1-9)rv+1) 'l —9+av)

Remark 3.13. The mean of the non-homogeneous fractional process,
E[ZN7(#)] = LE[S A7 (¢)] for the Weibull’s rate function for a = b = 1.

For the Gompertz and Makeham’s rate functions, we were able to compute the expectations of
ANV () for v =
M (t) for v =1.

Lemma 3.14. Given the Gompertz’s rate function A(t) = %(ebt - 1), we have

d 191 0—1_bt 9 at™?
E[~ (1) = 1+ ——T(— S —
[Glt/\/A (t)] =ab” e { + T =) ( ﬁ,bt)} (1= 0)
Proof. Following similar steps as above, we obtain
d 19 —da/b /t —9—1( bs
E[— : = —— 2 - -1
[dtNA ()] Ta—or@) J, (t—s) (e )ds

—va -’ bt
= %{%ﬂﬁe [F(fﬂ)—r‘(fﬂ,bt)]}

Lemma 3.15. For the Makeham’s rate function A(t) = %(eblt -1+ %“t), we have

d, 191 _ a -9) _ (1 _ 9
B0l = parora—a) { (L=0)+ nt
2,2
+ (1 —9)HypergeometricPFQ {{1}, {% - g, 1-— g}, th}
9

2,2
+ btHypergeometricPFQ {{1}, {1 U3 ﬁ}, bit} }

Proof. Now continuing as above, we obtain

BIEA M) = 7F(1iﬂgglﬁ(2)/o(t—s)*ﬁfl(e“—u%“s)ds

_ a/b 9 o é
= 19(_1_’_19)“1_19)15 { 1+19+a,ut

2,2
(=1 + ¥)HypergeometricPFQ {1}, 1 g, 1— v ,b—t
2 2 2 4
s

_l’_

bt HypergeometricPFQ {{1}, {1 - =, - - f}, 7} }

11
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Remark 3.16. For Gomertz and Makeham’s rate functions,

VarlNy ™71 (0)] = BNV ()]

4 Some Auxiliary Results

Here, we will exploit the explicit estimates on the heat kernel for « stable processes. For the
condition on the existence and uniqueness result for the stable process, we have:

Theorem 4.1. Suppose that 4,a.8,x,0 < Llp for positive constant Lip, together with condition 2.1,
then there exists a random field solution u that is unique up to modification.

The proof of the above theorem is based on the following Lemma 4.2 and Lemma 4.3, see Theorem
4.1.1 of [27]. Now let

t
Au(t,z) = / Gap(t— s,z —y)o(u(s, y)DfNV (s)dyds,
0 JRd

and .
Asalta)i= [ [ Gaalt = 5,2~ y)o(u(s,) DINK (s)ayds,
o JRd
then the following Lemmay(s) follow:

Lemma 4.2. Suppose that u is predictable and ||u||1,s < co for all B > 0 and o(u) satisfies condition
2.1, then
[Aull1,5 < d 0,800 Lipg [|ul[1,6,

- 2)ca dt+a  T(y+1)
where d,o,B,Av = T(1—9+v) dta—1 Bv+L *

Proof. By Lemma 3.10, we have

t Asu—ﬁ
E|Au(t - ws(t—s,z—yE ) A V|
Mutta)l =[] Golt= 5.0 = pBlo(uts, ) g s
A
S Ta—9+v)

t
X / / §" " Gap(t — s,2 — y)Lip, E|u(s, y)|dyds.
R4
Next, Multiply through by exp(—p3t), to get

e Bl Au(t, )] < _ALip, / / v G, st — s,z — y)
R4

r1-pg+v)
x e P Blu(s,y)dyds
7"su sup e " E|u(s,
S Ta-vre) s lu(s, y)|
X // s" e PG, st — s,z — y)dyds.
R4

12
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Then we obtain that

ALip
<« __MPs
= F(l—’ﬂ—‘y—y)”u”lﬂ

t
X sup sup / / s PG, 5t — 5,2 — y)dyds
t>0 zeR4 R4

ALi _8s

< e [ G s duds

)\Llp
< e
= F(l—ﬂ-‘rV)”u”lﬂ

o B
v—19 —fBs S 7ﬂ)}
s e | ——— As @ dyds.
/0 /Rd { (Iy\‘““

The last inequality follows by Lemma 3.3. Let’s assume that MS% < s78%% which holds only
when |y|*/# > s. Therefore

X

)\Llpa Ca

T(1-9+u)"
X / s”_ﬁe_ﬂs{sﬂ/ (Zﬁa + s_ﬁd/o‘/ dy}ds
0 lyl>s8/ Y] lyl<sB/o
)\Llpgc2 ’ / V0P
T1-9+u)" 0

sh/e oo
5 {SB(_/ y—<d+a>dy+/ y*“*a)dy) +286(1—d>/a}d8
—o0 sB/ e

ALi e —
= %HUHIB/ g
0

IN

ri—-9+v
—(d+a-1) | %/ —(d+a—1) |
B Y Y B(1—d)/o
vy vy 2 d
% {S ( 1—-d—« +17d70f SB/“>+ s }S
ALip,c2

= Tty

y / Suﬂsefes{s,e ( 2 sﬁ(l—d—ava) n 255(1*‘”/”‘}(15
0 1-d—a

. )\LlpaCQ
Ta—v+v)"
< e — 2 —d— _
" /0 o BS{d+a_15ﬁ+ﬁ(l d-a)/a | 5,80 d)/o‘}ds.
Thus
2ALip, c2 d—i—oz o _8
< z Te7°d
Aull1s < T -0+ ) 1/0 sTe s,
where v := (1 — d) + v — 9. Hence
2)\L1p002 d+a T(y+1)
Aull s < oo a2 TOE

13
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Lemma 4.3. Suppose u and v are two predictable random field solutions satisfying ||ul|1,s+|v|1,8 <

oo for all B >0 and o(u) satisfies condition 2.1, then
[ Aw — Avlls <0600 Lipg [lu —vl[1,5-

Proof. Similar steps as Lemma 4.2 O

We now obtain the following estimates for the Weibull’s rate function:

Lemma 4.4. Suppose that u is predictable and ||ul|1,3 < oo for all B > 0 and o(u) satisfies
assumption (2.1), then
[Axull1,s < d,0,8,0Lipg [lull1,p,

2c0b” %Y T(1 r 1 .
where 4,080 = Tir1y F(l(fj;iz)v) diﬁ‘il éZL) with == £(1 — d) + av — 9.

Lemma 4.5. Suppose u and v are two predictable random field solutions satisfying ||ul|1,s+||v|l1,8 <

oo for all B> 0 and o(u) satisfies condition 2.1, then

Axu — Axvllg <da,,0,a.0 Lip, [l — v]l1,5-

5 Moment Growths

In this section, we give the proofs of the energy moment growth of our random field solutions.
Recall that the mild solution is given by

u(@,t) = (G uo) (z) + Au(z, 1),

where
(G uo) (@) = | Gas(t,z — y)u(0,y)dy.

RA

We begin with some growth bounds on the semigroup (G&?uo)(z) and show that the first term
(G®Pup)(x) of the mild solution grows or decays but only polynomially fast with time. First
assume that the initial function wuo is bounded and we have the following:

Lemma 5.1. There exists some constant co > 0 such that for a > d,

d+a tg(kd)

(G uo) (@) < 26070

Proof. Write,

@ @] = | [ Gosltr = sty
< suwp [uo) [ Gasltz - )dy
yeR4 R4

co/ Gap(t,z —y)dy.
R4

Using the estimates on the density of the changed process, for a > d:

8

(Pfuo) ()| < co/ (=P

—)dy.
Rd |$—y‘d+a) Y

14
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But

B
—Bd/a t . B dy
t AN——— Vdy = ¢ / -
/Rd ( |z — yl‘““) le—y|>t8/a |2 — Y|t

- t*ﬁd/“/ dy
lo—y|<th/

2 B+ L (1—d—a) B1_a)
= 2 4Pta 2t
d+a—1 *

Next result follows with the assumption that uo is positive on a set of positive measure.

Proposition 5.2. [1] There exists a T > 0 and a constant c1 such that for all t > T and all
x € B(0, t'/*),

a,B C1
(Gityuo) (@) = (t + to)Pd/a”
5.1 Proofs of main results
Proof of Theorem 2.3. We begin by writing
Elu(z,t)] = (G uo)(z)|
t
A v—19
+ Go,p(t— s,z —y)E|o(u(s, ————s~ "dyds
| Gt VBl u(s ) =y oy W
d+ o B (1-q) A .
< 20—t 4 — L
= Y ra—1 +P(1—19—|—1/) Po
t
< [ Gt = s~ y)Blu(s. ) dyds
0 R4
B8 ALi
< S0=d) AP
= d Tl —0+0)
t
[ sup Blu(s )l [ Gaslt— 50— y)lduds
0 yeRA R4

Now define fg,,(t) =t~ sup,cga E|u(t,z)|, then

ALip,c2 t B (1-d)
T—0+v) /0 (t—s) fa.v(s)ds.

Let to <t < T and assume g(l —d) > 0. Given that t —s <t < T, we have

B
Elu(z, )] < ct 30~ +

9B ALip_ c2 _9 ¢ B1_4
. < =0+ 5 (1=d) o e / t— g)al=d J(s)d
foult) < e et [ 9R g s

— B(1— )\Llp C2 _9+B1_q ¢
< rrTUtelmd 2Pt qpu—dtg(i-d) s)ds.
- r1—-9+v) 0 fou(s)

Then by Gronwall’s inequality, we obtain

_9+ B ALi —o+B -
Fou(t) < crexpl(et); e1 = TP~ A and oy — ﬁTV O+ 5 (1—d)

15



Omaba; JAMCS, 28(4): 1-18, 2018; Article no.JAMCS.33896

Proof of Theorem 2.5. We begin by taking moment of the solution

t+to
162 uo) ()| + /

E|lu(z,t + to)|

A v—19
Gagt+to—s,z—y)|E , —_— dyd
<Gttt to —sa = Bl ) [y duds
_ AL
> Bd/o o
> c(t+to) +7F(1719+1/)
t+to
[ [ Gas(t+ to = .0~ g)[Blu(s. ) fduds
to R4
— AL C2
> t t Bd/a o
> ca(t+to) +7F(1—19+y)
t+to
X / s“77 inf  Blu(s,y)| |Ga,8(t +to — s,z — y)|dsdy.
‘o yeB(0,1) B(0,1)

Make the following change of variable s—to, then set v(¢, z) := u(t+to, z) for a fixed to > 0 together
with Lemma 5.2 to write

_ AL C2
E B > tt) PV o2
I e e =
t
X /(s+i§0)"ﬂ9 inf  Elv(s,y)] (t — s) P/ *dsdy.
0 y€5(0,1) B(0,1)

Now define gg,. (t) = (t + t0)" ™" inf,ep(o,1) E|v(t, z)| for fixed to > 0, then for to < t < T,

C1(t + to)f{Bd/aﬁ»ﬂfu}

go(t) >
)\Lo'c2 v—19 /t —B/a
+ ———(t+to) go,v(s) (t—s) dsdy
r1-9+v) 0 B(0,1)
> (T to) Pt
ALsc3 v—=_9m—B/a /t
— 7 (T+t T »(s)d
+ F(1—19+y)( +to) 90 (s)ds
since to <t <T,0<s<tandt—s <t <T. Then we obtain that gs,.(t) > c4exp(cst), where
4 = Cl(T+t0)7{Bd/a+ﬂ7V}, and ¢ = %(T"-to)yiﬂcljﬂiﬁ/a O

The proofs of Theorem 2.6 and Theorem 2.7 follow from the proofs of the above theorems.

6 Conclusion

We observed rather an interesting shift from the usual exponential energy growth bounds for a
multiplicative noise perturbation to a class of heat equations. The results showed that the energy
growth of the solution is bounded by a product of an algebraic and an exponential functions given
by ¢~ (FFen) exp(ct), for ¢ > 0, though the exponential function dominates over the time interval
[to,T], to > 1 and T' < oo, which causes the solution to behave exponentially. Computational
procedure and estimate for the mean and variance for the process for some specific rate functions
were given, which can be consequently used for the computation of large variety of physical problems
related with non-linear sciences.
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