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Abstract

In this paper, we consider the determinant and the inverse of a skew Peoeplitz matrix and a
skew Peankel matrix involving Perrin numbers. we first give the definition of a skew Peoeplitz
matrix and a skew Peankel matrix. Then we compute the determinant and the inverse of the
skew Peoeplitz matrix and the skew Peankel matrix by constructing the transformation matrices.
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1 Introduction

The Perrin sequences are defined by the following recurrence relations [1, 2], respectively:

Rn = Rn—Q + Rn—37

where Rp = 3, R1 =0, Rz =2, n > 3. Let r1, r2 and r3 be the roots of the characteristic equation
3

z° —x — 1 =0, then we have
ri+r2+1r3 =0,
rire + 1173 + rory = —1,

r17r2T3 = 1.

The Binet formulas of the Perrin sequences { R, } have the form

n n n
Ry =71y +713 +713,

It is an ideal research area and hot topic for the inverses of the special matrices with famous numbers.
Some scholars showed the explicit determinants and inverses of the special matrices involving famous
numbers. Circulant matrices with Fibonacci and Lucas numbers are discussed and their explicit
determinants and inverses are proposed in [3]. The authors provided determinants and inverses of
circulant matrices with Jacobsthal and Jacobsthal-Lucas numbers in [4]. Furthermore, in [5] the
determinants and inverses are discussed and evaluated for Tribonacci skew circulant type matrices.
The determinants and inverses of Tribonacci circulant type matrices are discussed in [6]. The explicit
determinants of circulant and left circulant matrices including Tribonacci numbers and generalized
Lucas numbers are shown based on Tribonacci numbers and generalized Lucas numbers in [7]. In [§],
circulant type matrices with the k-Fibonacci and k-Lucas numbers are considered and the explicit
determinants and inverse matrices are presented by constructing the transformation matrices. Jiang
et al. [9] gave the invertibility of circulant type matrices with the sum and product of Fibonacci
and Lucas numbers and provided the determinants and the inverses of these matrices. In [10],
Jiang and Hong gave the exact determinants of the RSFPLR circulant matrices and the RSLPFL
circulant matrices involving Padovan, Perrin, Tribonacci and the generalized Lucas numbers by
the inverse factorization of polynomial. It should be noted that Jiang and Zhou [11] obtained
the explicit formula for spectral norm of an r-circulant matrix whose entries in the first row are
alternately positive and negative, and the authors [12] investigated explicit formulas of spectral
norms for g-circulant matrices with Fibonacci and Lucas numbers. The authors [13] proposed the
invertibility of the generalized Lucas skew circulant type matrices and provided their determinants
and the inverse matrices. Sun and Jiang [14] gave the determinant and inverse of the complex
Fibonacci Hermitian Toeplitz matrix by constructing the transformation matrices. Determinants
and inverses of Fibonacci and Lucas skew symmetric Toeplitz matrices are given by constructing
the special transformation matrices in [15].

In this paper we adopt the following two conventions 0° = 1, i

special matrix as follows.

= —1, and we define two kinds of
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Definition 1.1. A skew Peoeplitz matrix is a square matrix of the form

Ro Ry Ry Rn-3 Rn-2 R
*Rl RO Rl Rn—4 Rn—3 Rn—2
7R2 *R1 Ro Rn—4 Rn—3
Trn= R (1.1)
—R,—3 —Rn_4 Ry Ry Ry
—Rn—2 —Rn-3 —Rn_4 —Ry Ry Ry
_Rn—l _Rn—2 _Rn—B _RQ _Rl RO

nxn

where R;(0 < i < n — 1) are the Perrin numbers, skew Peoeplitz matrix is Toeplitz matrix with
Perrin number as its entries.

Definition 1.2. A skew Peankel matrix is a square matrix of the form

Rn-1 Rn—2 Rnp-3 Ry Ry Ro
Rn72 Rn73 Rn74 Rl RO —Rl
Rn-3 Rn-a Ro —R —R>
T | , . a2
R> R: Ro . —Rpn-4 —Rp_3
Ry Ro —Ry —Rn-4 —Rn-3 —Rn_2
Ro —R1  —Rs —Rp-3 —Rpn—2 —Rn1

nxn

where R;(0 < ¢ < n—1) are the Perrin numbers, skew Peankel matrix is Hankel matrix with Perrin

number as its entries.

It is easy to check that

HR,n - TR,nIn y

Let in be the slip matrix of order n, i.e.

nxn

which provides us with basic relations between Tr » and Hg, ».
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Lemma 1.1. ([16, 17]) A Toeplitz-Hessenberg matriz is an n X n matriz of the form

K1 Ko O --- .- 0
K2 K1 Ko
TH( Ko, K1, "+, KRn ): K3 K2 K1 Ko ,
ko, K1, "+, Kn
0
Rn—1 K2 K1 ko
Kn ke k1)
where ko # 0 and k; # 0 for at least one i > 0, the inverse of Ty is given by
Ak aii ai2 ais ce te Ain
A2k a1 az2 a23 e e aon
) Ask as1 a3z as3 asn
TI; = A = = 9
An—lk an—1,1 an—1,2 an—1,3 e e An—1,n
Ank nx1 an1 an2 an3 U ot QAnn nxn
where
n
- Z fikﬁn—i-s-l
i=k+1
A = n (k:l, ) n_l)a
Kn — Zfﬂn—i-;-lfi
i=2
Aln = P
Kn — Zﬁnﬂ'ﬂfi
i=2
Azk:fzk_Alkfl (2227 "'7n;k:17 "',Tl—l),
Ain = 7A1nfz
—DF AR+ 1,01 )
1) i(7k+7 ) (I<k<i<n),
firn = Ky
0 (i < k),
Riy, Ri+1, -+, Rj . .
. det T’ ’ 1<i<j<n
A(Zaj): H( Riy, Kit1l, -+, Kj ) ( Sr=ds )’
1 (i> 7).
i—1 i4i—1
(=)t .
j=1 0

Let n be a positive integer. Then the determinant of an n X n Toeplitz- Hessenberg matriz

h b8t
detTH( iy Ri+1, , Ky ): 2 : ( i, T n) (_Ki)n t1 t7LHZ}F1K§<2FQ...Hj ,

Ri, Ri+1, =+, Rj o N N tl'tn'
t1+2to+--+ntp=n
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(bt )

! !

where is the multinomial coefficient; n = t1 + 2ty + - - + ni, is a partition of the

positive integer n where each positive integer i appears t; times.

Lemma 1.2. (see, e.g.[18] p.19) Let D and ( g IB) ) be invertible matrices, we have

A B\ ' (A—BD'C)™! —(A—=BD'C)"'BD™!
C D ~\ -D'c(A-BD'C)"' D'C(A-BD'C)'BD'+D7' )’

where the Schur complement of D, i.e. A— BD™'C, is also invertible.

2 Determinant and Inverse of the Skew Peoeplitz Matrix

Let Tr,, be an invertible skew Peoeplitz matrix. In this section, we give the determinant and
inverse of the matrix Tr,n.

Theorem 2.1. Let Tr,n be an invertible skew Peoeplitz matriz the form of (1.1), we get

det Tgr,1 = 3, det Tr2 =9, det Tr,3 = 39,
det Tr,4 = 250, det Trs = 1548, det Tre = 11074,

and

n—4

— R, 1R Rn—
D (T = Rucke)nhor + i (Ruoy 4 Ra) + 1)
k=1

det Tr,n —3(—1)“‘2{(

. (Rn—3w2 — Rp_awi + 6w4)

n—4

R,_oR Ry—

- (Z(TQk —Royk—2)ln_k—1+ 3 2 (Rn-1+ Rn) + 3)
k=1

. (Rn—Q’W2 — R, _4w3 + 6w6>

n—4
Rn—3sR Rn—
+ <Z(73k —Ro—k—3)ln_k—1+ 3 3 (Rn—1+ Rn) + 5)

3
k=1
. (Rn,2w1 — Rn_3w3 + GW5> } (n > 6)7 (2.1)
where
i—3
1 .

bo=01=0y=1, {; = *6(5&71 + 20,2 + th&'—s—k), 3<i<n—2), (2.2)

k=0



Han and Jiang; JAMCS, 28(4): 1-21, 2018; Article no.JAMCS.43496

and

= (pn 2—220411)71 i— Q_thzazk+2pn i— 2)

k=0 i+1
f14 -4 ) ST ST ;
( > trrlegn “5“2”--%;"7), (2:3)
Bi42igtna—n DL IR
<Qn Q_QZale’n12_thzazk+2qn12>
k=0 i+1
f14 - 4! ST S Y ;
( > g 52h> (2.4)
f42igtnigen DL I0
w3 = (On 2_2Za110n i— 2_Zﬁkzazk+20n i— 2)
k=0 i+1
f14 - 4! ST S ;
( > trrlegn “’5“2”--%5:7), (2.5)
BA2igtna—n D10

n—6—k

W4 = Pn—2Qn—3 + (pn73 — (gn-3 ( ZmZQn i—3 + Z hk Z mign—i—4a—k — qn—2 — 1)
n—>5 n—"7 n—6—k -
+ (2 Z M (Pn—i—3 — Qn—i—3) + (Z I Z
i=1 k=0
n—>5

i(Pn—i—d—k — Qn—i—4—k) + Qn—2 *pn—z)
i=1
n—7—k

n—6 n—=8
. (5 Z MiPr—i—3 + 2 Z MiPn—i—a + Z P Z pn7i757k) ,
i=1 i=1 k=0 i—1

(2.6)
— n—6—k
W5 = Op—2Pn—3 + (On—3 — Pn-3 ( ZmZQn i— 3+th Z MiQn—i—4—k — qn—2 — 1)

n—>5 n—7 n—6—k

+ (2 Z m;i(On—i—3 _pn7i73> + (Z A Z Mi(On—i—4—k — Gn—i—4—k) + Pn—2 — 2)
i=1 = i=1

n—7T—k
( Zmlon i— 3+22m10n i 4+Zﬁk Z Onp—i—5— k) (2.7)
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n—6—k

Z MiOn—i—4—k — n—-2 — 1)
i=1
n—>5 n—7 n—6—k
+ (2 Z M (On—i—3 — Qn—i—S) + (Z I Z Mi(On—i—4—k — qn—i—d—k) + qn—2 — 0n—2)
i—1 k=0 i=1
n—>5 n—6 n—=_8 —7—k
. (5 Z MiOp—i—3 + 2 Z MiOn—i—4a + Z hu Z 0n7i757k) , (2.8)
i=1 i=1 k=0 i=1

n—>s n—"7
W6 = Opn—2qn—3 + (On—3 — Gn—3) (2 Z MiGn—i—3 + Z I
i—1 k=0

n

with

o= R (U <i<n-2), o= T g,
n— 7 Rif
pi = fin2lt ;R —Rn—i—2, (1<i<n—3), pn2= 5 243,
_ Rn72Rn71
Pn—1 = 3 )
Rn_3R; ) R%_
¢ = TS —Rp—i3, 1<i<n—4), qu3= 3 243,
Rn—SRn—Q Rn—SRn—l
n—-2— ——5 qn—-1—= —— 27
qn—2 3 gn—1 3 +

hiIRi+4, (0§Z§’I’L—5)

Proof. For n <6, it is easy to check that

det TR,l =3, det Tro2 =09, det Tr3 =39,
det Tr4 = 250, det Trs = 1548, detTgre = 11074.

We can introduce the following two transformation matrices when n > 6,

10 0
Rn3,1 1
Bnos 10
sio | w Lo 0 , (2.9)
0 1 1 0 -1
0
1 1 0 -1

nxn
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and
1 0 P o
0 loo O oo woe oo 0 1
los 10
Y lpea R D
B = . . . . . . . , (2.10)
23 0
20 1
0 60 0 nxn
where
1 i-3
bo=ti=0=1, ¥; = —6(5&'71 + 20,2 + thzi737k)7 3<i<n—2).
k=0

By using (2.9), (2.10) and the recurrence relations of the Perrin sequences, the matrix Tg, is
changed into the following form,

3 QO Rn72 Rn73 Rn74 Rnfo

=
&
&
=

0 Q1 On—2 Opn—3 On—4a Op—s ~--+ 04 03 02 O]
Q2 Pn-2 Pn-3 Pn-4 Pn-s °° Pa P3 P2 P1
Q3 Gn-2 qn-3 Qn-a4 Gn-s @ @ G q
0 2 5 6 0 0
SiTraBi=| : ' ho 2 5 6 : . (2.11)
A1 ho
: : [ . . . . . . . 0
0 0 Prn—6  hn—7 e e h1 ho 2 5 6

nxn
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where

n—1 n—1 n—1 n—1
Qo = Z Ryl k-1, Q1= Zokgn—k—h Q2 = Zpkgn—k—h Q3 = Z Grln—r—1,
k=1 k=1

k=1 k=1
Oi:@,]{nﬂ;h (1<i<n-2), On71:@+3,
. 2
pi:@_Rn*i*27 (IS'LSTL—?)), Pn—-2 = RE_Q +37
Rn—ZRn 1
Pn—1 = 3 )
mn— 7 . Ri,
qi:w_Rn—i—3a (1§Z§7’l—4), qn—3:T3+37
Rn73Rn72 Rn 3Rn 1
n—2= —5 s qn-1= —5 2,
qn—2 3 dn—1 3 +

hi :Ri+4, (0§i§n—5).
Do the Laplace expansion of matrix (2.11), we can get that

det(S1TrnB1) = 3(71)”72{Q1[7p1wz + qroo1 + 6w4)

— Q2]—01w2 + qrws + 6ws] + Q3[—o1w1 + prws + 6w5]}, (2.12)
where
wy = det B, _3([pr]r_2, 2, 5, 6, ho, -+, hn_s),
@2 = det ®n3([gk]323, 2, 5, 6, ho, -+, fns),
= det ®,_5([ox]}Z3, 2, 5, 6, ho, -+, hn—s),
wy = det @p 3([p ]Ic 25 [qk]z 227 2, 5,6, ho, -, hn*7)7
w5 = det @, 3([Ok}k 25 [pk}z 227 2 5 6 ﬁU? ) hn—7)v
=det @,,— 3([0k}k 29 [qk}k 29 2, 5, 6, hO» ) hn—7)7
and
¢n—3([pk]z;227 27 57 67 h07 R} hn—G)
Pn—2 Pn—-3 Pn—4 Pn—5 Pn—6 ot p3 D2
2 5 6 0 e o0
ho 2 5
h1 ho 2 5 6 . :
- . 4 , (2.13)
ha h1 ho 2 5 6 L

: . h1 ho 2 5 6
Fn—e  --- Fa B Fo

[\

(n—3)x(n—3)
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@3 ([qr]i=s,

qn—2
2

ho
ha
ha

hn—G

®,—s([ox]p =3, 2, 5, 6, ho, -

hn76

@ 3([pelizs, [a]
Pn—3

Pn—2
qn—2
2
ho
A1

ha

hn—'?

2, 5,6, ho, ---
dn—-3 (4n—4

5 6

2 5

ho 2

h1 ho

qn-3

5
2
ho
n

n—2

qn—5
0

h1
ha

ha
ho

) hn76)

dn—6

ho
h

3 hn—G)

On—6

ho
h1

k=2 27 57 67 h07

Pn—4
qn—4
6
5
2

ho

Pn—5
gn—5
0
6
5

2

I

Pn—6
dn—6

ho

®n_s([on]i=s, [Pelhzs, 2, 5, 6, ho, -

On—2
Pn—2

2
ho
h1

ha

On—3

Pn-3

5
2
ho
h1

On—4
Pn—4
6

5
2
ho

On—5

Pn—5
0

N Ot

On—6
Pn—6

ho

ho

2
ho

’ hn,'y)

2
) hn77)

g3

03

ot

p3

q3

03
p3

02

p2
q2

(@)

02
D2

(n—3)x (n—3)

(n—3)x(n—3)

(n—3)x(n—3)

(n—3)x (n—3)

(2.14)

(2.15)

(2.16)

(2.17)

10
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O, 3([ox]i=s, larlizs, 2, 5, 6, ho, -+, fin_7)
On—2 On—3 On—4 On—5 On—6 et 03
gn—-2 QGn—-3 QGn—4 Gn—-5 (QGn—-6 " qs

2 5 6 0 ... . Ce
ho 2 5
- h1 ho 2 5 6
ho ha ho 2 5 6
i . .. h1 ho 2 5

(n—3)x

(n—3)

(2.18)

According to Lemma 1.1 and Lemma 1.2, computing the determinant of the matrices on both sides

of the equation (2.13)-(2.18), we get that

det q)nfg([pk]z:g, 2, 5, 6, ho, . hnfe)
(pn 2_2Zazlpn 1— Q_thzaz k+2Pn—i— 2>
k=0 i+1

: S G gyetiecigiigt g ),
t1 i)

f1+252+~-<+7L£n:n

det ., _3([qr]iZ3, 2, 5, 6, ho, ---, hn_6)
(qn Q_QZazlqn i— 2_thzazk+2qn i— 2)
k=0 i+1

. Z (t, :|_ ... —J_ tn)! (—6)”_&_'”_5"5512’?2 ~~~hfl”,7 7
t!l - tn!

t142i0+4ni,=n

det @n73([0k];€l:22, 2, 5, 6, ho, - hnfs)
:(On 27220111077,1 2fzhkzazk+20nz2>
k=0 i+1

‘ Z (t1 :’—.”—l_in)!(—6)’”7{17“-75”5{12{2 ---h£"_7 7
IZIRERE "

t1+2t2+-+nip=n

detq)"—3([pk]z;227 [qk]z;227 27 5 6 hO? ) hn—7)

— n—6—k

:pn72qn73+(pn73_qn 3 ( Zszn i— 3+th Z miqn—i—4—k — Gn— 2_1)

— n—6—k

(2.19)

(2.20)

(2.21)

n—>5
+ (2 Z mi(Pn—i—3 — q’nf’i73) (Z A Z Mi(Pr—i—a—k — Qn—i—a—k) + Gn—2 —pn72>
i—1 i—1

n—7—k

( Zmlpn i 3+22mzpn i 4+th Z Pn—i—5— k)

(2.22)

11



Han and Jiang; JAMCS, 28(4): 1-21, 2018; Article no.JAMCS.43496

det ®,—3([or]i =3, [Prlizss 2, 5, 6, ho, -+, hn7)
n—6—k

:On—2pn—3+(0n—3_pn 3 ( Zmz(}n i— 3+Zrk Z Mign—i—4—k — Qn— 2_1>
n—>5 n—"7 n—6-—k
+ (2 Z mi(On—i—3 — pn—i—3) + (Z hu

g mzonz4k_an4k)+pn 2 — On— 2)
=1
— n—7T—k

(5Zmzon i— 3+2Zm10n i— 4+th Z On—i—5— k:> (223)

det ®,_3([or]? 23, [ar]rZs, 2, 5, 6, ho, -+, hn_7)
— n—6—=k

= On—2Qn—3 + (On—3 — (gn-3 ( Z MiQn—i—3 + Z hk Z MiOp—i—4—k — qn—2 — 1)
n—>5 n—7 n—6—
+ <2Zmi(0n—i—3_Qn—i—3) + (Zﬁk Z Mi(On—i—a—k — Gn—i—4—k) + qn—2 — On— 2)
i=1 k=0 i=1

n—7T—k

n—>5 n—6 n—=8
. (5 Z MiOp—i—3 + 2 Z MiOn—i—4 + Z A Z 0n—i—5—k)- (2.24)
i=1 i=1 k=0 i=1

While
(n=1)(n=2)

det Sy =det By = (1) = . (2.25)

From (2.12) and (2.25), we can obtain det Tr, as (2.1), which completes the proof. O

Theorem 2.2. Let Tgr, be an invertible skew Peoeplitz matriz and n > 6. We have

1,1 V1,2 1,3 o Y1m—-2 Yin-—1 Yi,n
2,1 V2,2 Y2,3 o Y2m—-2 Y2,n—1  Yim-1
Y3,1 Y3,2 3,3 o Y3nm—2  Y2,m—2 Y1,n—2
—1 . . . . . . .
Trn= : : : - : : : ' (2.:26)

Yn—-2,1 Yn-2,2 Yn-2,3 - 73,3 2,3 1,3

Yn—-1,1 Yn—-1,2 Yn—2,2 3,2 Y2,2 Y1,2
Tn,1 Yn—-1,1 Yn—-2,1 " 3,1 V2,1 1,1 nxn

S . . . . .
we can observed that Ty, is a symmetric matriz along secondary diagonal, i.e. sub-symmetric
matriz.

12
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where
1 R,._
V1,1 = 5 — M + en—2(y11901 + Y1292) + en—3(y2191 + Y2202)
3 9Q1
n—4
+ Z €i(Bn—i—3,101 + Bn—i—3,2¢2),
i=1
n—4
V1,2 = €n—201 n—4 + €p—3Q2 n—g + Z €i0n_i—3n_4,
i=1

V1,5 = en—2(@1,n—j—1 + @1,n—j—2) + €n—3(@2,n—j—1 + Q2,n—j—2)
n—4
+ Z €i(On—i—3mn—j—1+ On—i—3n—j—2),(3 <j <4),
i=1
T = en—Q(al,n—j—l + o n—j-2 — al,n—j+1) + en—s(OZQ,n—j—1 + a2 pn—j—2 — a27n_]-+1)
n—4
+ Z €i(On—i—3n—j—1 4+ On—i—3n—j—2 —Op—i—3n—jt+1),(5 <j<n-—3),
i=1
n—4
Yin—2 = en—2(y12 + 11 — @13) + en—3(Y22 + 21 — a23) + Z(Bn7i73,2 + 0n—i—31 —On_i—33),
i=1

Vi,n—1 = €n—2(y11 — %ym —a12) + en—3(y21 — %yzz — ag2)

Q2 Q2
n—4 Q
+ Z €i(Bn—i—3,1 — 7357177;73,2 — On—i—3,2),
. Q2
_ _@ 2, Q2
Yin = 3Q + en—2(— Qlyu a11) + en—3( Q1y21 ao1)

+ Zez ﬁn 1—3,1 — 071,77;73,1)7

Rn On— On—
Ye,1 = bn—k ngl — legnfk(yllipl + y1202) — Qilggn—k(y21§0l + Yy2202)
—Z nkﬂn131@1+ﬂn132902)+7'n r2,1, 2<k<n-1),
On—2 On—3
Ye,2 = — bk Q1 p—a — lp—kQ2n—a + L 1On—i—3n—1a
Q1 Q1 Z )
+ Th—kt2,2, 2<k<n-—1),
On— On—:
Yk, = —anfk(al,n—j—l + 1 n—j—2) — dénsz(azn—j—l + @2n—j—2)
Q1 Q1
n—4
_Z n23n31+9n13n]2)+7'n k+2,75 (3<]<45_]<k<n J+1)
— On— 3
Vi = _7€n—k(al,n7jfl +dn—j—2 — Qln—jt1) — Ln—r(Q2m—j—1+ Q2 n_j—2 — Q2n—jt1)
Ql Q1
- Z n 1—3,n—j—1 + en i—3,n—j—2 — 0n7i73,n7j+1) + Tn—k+2,5,

(5S3Sn*3;7*jSkSn*j+1),

13
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with

On— On—
Vo2 = —— 2£n7k(y12 + a1 — aiz) — i 3£n7k(y22 + a1 — ao3)
Q1 Q1

—Z Lok (Bn—i—3,2+ On—i—31 — On—i—3,3) + Tn—jt2,n—2, (2<k <3),

On— On—
Y2,n—1 = —22712&%2(911 - %ym - a12) - a135n72(y21 - %yzz - azz)
— Z Ln—2(Brn—i-31— Qsﬁn i—3,2 — On—i—32) + Th—j42,n—1,
Q2
Yn,1 = Rn lfo — Mfo(yusﬂl + y12¢02) — Oni_gfo(yzltpl + y22002)
" 3Q1 o} Q1

n—4
04
— Z (Br—i=3,101 + On—i—3,1 — On—i—3,2¢2),
!

¢ =— @ 01+pu di =— %pﬁ-qi,(lﬁiﬁn—?),
2

1
6125( —Ri),(lgign—Q),
n—i—3 n—i—3
gi = Z MkCn—i—k—2, fi= Z Mpdn—i—k—2, (1 <i<n—4),
k=1
i—2
a; =2m; + thmi—k—h ar =2my, (2<i<n-—4),
k=0
1—3
b; = 5m; +2mi_1 + thmi_k_z, b1 = 5ma, bo = bme + 2m1, (3 <i1<n-— 4),
k=0

g, — { (@yn +biya1)g; + (aiyne + biyze) f5 + mi—ja, (1<j<i<n—4d),
! (@iy11 + biya1)gs + (aiyiz + biyez2) f5, (1 <i<j),

o1 = —Yy119i — Y12fi, a2 = —y219i — Y22 fi,
Bix = —y11a; — Y21bs, Bi2 = —y12a; — Yooby,

p1 = _Bnr@n + M#’z = 2@ + M7
31 3 3Q2 3
S L .
3’ 3Q1 Q1
0,(1 <i<2; 2<j<n; except Tan),
{ Qi—2n—j—1+ Qi—2n—j—2, (3<1<4; 3< 5 <4),
Tij = bicam—j1+0icanj2 5<i<n 3<5<A4),
Qi2n—j—1+ Qicon—j—2+i—on_jr1, 3<i<4; 5<j<n—3),
Oi—an—j—1+0i—am—j_2—0i—an_jr1, (5<1<n; 5<j<n-23),
S { Yi—2,191 + Yi—2,2¢02, (3 < ’i‘S 4),
! Bi—a, 11 + Bi—2,2¢02, (5 <i<n—4),
iy = { Qi—on—4, (3<0<4),
¢ 0i—4,n—4, (5 <i<n-— 4):

14



Han and Jiang; JAMCS, 28(4): 1-21, 2018; Article no.JAMCS.43496

iy = Yi—o2 + i1 — 23, (3<4<4),
Lne Bi—ap+0i—an —0i—az, (5<i<n),
. . yz 21—*?;@ 2,2+ ai—22, (3<1<4),
nne 41_Q,81 42— 0i—a2, (5<i<n),

Tin =

{8 —-2,1 — j—-21, (3S74§4)7

—a1—0i—a1, (5< i< n).

Proof. Introduce the following two transformation matrices when n > 6,

1 0 0
0 1
_ Q2
a1
: Qs :
So=| 0 o2 ' , (2.27)
0 0 .
: 1
0 0 0 0 0 1
nxn
1 -2 e,y €n—3 2 e1
On—2 On—3 o o
0 1 Q1 T _Q721 _Qill
1 0 0
By = 1 : (2.28)
0
0 0 1
nxn
where
1 i .
o= (@00 gy 1<i<n—2)

If we multiply (2.11) by (2.27) from the left and (2.28) from the right, the (2.11) are as in the

15
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proof of Theorem 2.1, we obtain

3 0 0
0 0 0
0 Cn—2 Cn—3 Cpn—4 Cn-5 cet C4 Cc3 C2 C1
dn—2 dn—3 dpn—4 dn—s -+ ds dz do di
2 5 6 0 0
S8 TpaBiBo=| © © h 2 5 . : 7
0
0 0 hn76 hn77 ho 2 5 6 nxn
(2.29)
where
Q2 Qs .
Ci = ——0; + i,di:—fi—F iy 1§Z§7L—2.
0, TP 0,7 e ( )
The last matrix admits a block partition of the form
8281TR,7LB162 =01 & QQ, (230)
3 0 . . . . - .
where Q1 = ( 0 Q ) is a diagonal matrix, and €2 is a Toeplitz-like matrix,
L Jaxa
Cn—2 Cn—3 Cn—4 Cn—5 ot C4 C3 C2 C1
dn—2 dn—3 dpn—a dpn-s -+ ds dz do di
2 5 6 0 N 0
ho 2 5
oo | R T : L @3
P . . . S . .0
b6 Fn_v R e 1 ho 2 5 (n—2)x(n—2)
Q1 @ Qo is the direct sum of Q1 and Q2. From (2.30), then we obtain
Tr, =BQr" @921, (2.32)

16
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where
S =88 =
1
0
B=DBiB: =
0

1 0
Ry—1
3
1
(2]
0
D0
0 1 1 0 -1 O
_% €n—2 €n—3
¢ _Oon—2ln_2 _on—3ln_»
n—2 Q1 Q1
Y, _Oon—2ln_3 _on—3ln_3
n-3 Q1 Q1
_on—201 _on—3l1
! Q1 +1 1
/ 70n72£0 70n73£0
0 Q1 Q1

We can observe that the inverse matrix of €7 is

Cn—2 Cn—-3 ,
dn72 dn73 i
2 5
Fio 2
o ho |
By

hn—6 hn—’? i

ho

_ Qa2
1 Q1
_ Qs
1 Q2
Lo -l , (2.33)
nxn
€2 e1
02lp_2 o1lp_2
T T +1
ool 3 01€n_3
T +1 T
__ 030 _ o1l
Q1 Q1
__02¢g __o1ég
Q1 Q1 nxn
(2.34)
(2.35)

ho 2 5

(n—2)x(n—2)

17
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According to the Lemma (1.2), we have

1
- 6%
0l = .A—on*llB .A—lozgflﬁ g
—1 —1 —1 -1
+
g ﬂA—aG*lﬁ g ’B.A—agflﬂag g
Y11 Y12 o011 EREEEE Q1,n—4
Yo1 Y22 21 EEEEEE Q2n—4
B11 B2 011 EEIEER O1,m—a
B21 Ba2 021 EREEEE O2,n—4
= . . , , , (2.36)
6n—&1 Bn—42 0n—4J T e 0n—&n—4 (n—2)x (n—2)
where
o1 = —y119i — Y12fi, @20 = —Y219: — Y22 fs,
Bi1 = —y11ai — y21bi, o = —Y12a; — Y22bs,
n—=6 n—"7
T11 = Cp—2 — 291 — Z higit+2, Ti2 = Cn—3 — g1 — 292 — Z higits,
i=0 i=0
n—6 n—T7
To1 =dp—2 —2f1 — Z hifito, To2 =dpn—3 —5f1 —2f2 — Z hi fits,
i=0 =0
T12%21 1 T12 T21 T12%21 1
wW=T11 — ——, Y11 = —, Y12 = — , Y21 = , Y22 = 5 —,
o2 w wI22 wIx22 WT5o o2
0, — (aiyr + biya1)gj + (@iyi2 + biyez) fi + mi—jr1, (1<j<i<n—4),
. (asy11 + biyz1)g; + (a2 + biyz2) f;, (1<i<jy).
Combineing (2.35) and (2.36), we obtain
1
s 9
0 — 0
Q1
0 Y11 Y12 atl EEE Q1n—a
Olen;! = Y21 Yo2 21 IEEEEEE Q2 n—4 (2.37)
B11 B2 011 EEEEEE O1n—a
Bo1 Ba22 021 02,n—a
0 0 PBn-a1 PBn-a2 6On-a1 - -+ On_an-a

nxn

18
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According to (2.32), (2.33), (2.34) and (2.37), we have

Ty, =B ' 02")S

Y1,1 Y1,2 Y1,3 Y1,n—2 Yi,n—1 Y1,n
2,1 V2,2 72,3 o Y2;m—2 Y2m—-1  VY1n-—1
Y3,1 Y3,2 73,3 Y3n—-2 Y2,n—-2 Y1i,n-—-2
= : P : : . (@39
Tn-2,1 Tn-2,2 Yn-2,3 - 73,3 V2,3 1,3
Yn-1,1 Yn-1,2 Tn-2,2 ... 3,2 V2,2 V1,2
Yn,1 Yn—-1,1 Yn—-2,1 *°° Y3,1 Y2,1 Y1,1 nxn

where v;; (1 <i<mn; 1<j<n-—1t+1), are the same as in Theorem 2.2, we can observed that

Tgln is a sub-symmetric matrix. In this situation, we only need to work out % entries, hence

it is easy to get the inverse of Tr » by (2.38), which completes the proof. O

3 Determinant and Inverse of the Skew Peankel Matrix

Let Hg,, be an invertible skew Peankel matrix. In this section, we give the determinant and inverse
of the matrix Hg p.

Theorem 3.1. Let Hr,, be a skew Peankel matriz as the form of (1.2). Then we have

det HR,l =3, det HR,Q = -9, det HR,3 = —39,
det HR74 = 250, det HRy5 = 1548, det HR76 = —11074,

and

n24n-4 — Rn_1Ry R,._
det Hg » :3( { <Z 1 R,_ k,1)£n7k71 + 3 ! (Rnfl + Rn) + 1)
k=1

. <Rn73w2 — Rp_qwi + 6w4)

n—4
R._sR
_ (Z(% R ra)n

k=1

"2 (Rn—1+ Rn) +3)

. (Rn72w2 — Rp_4ws + 6w6)

n—4

Rnngk n—3
+ (;(3 —Rnk—3)ln_p- (Rn—1+ Rn) + 5)
. (Rn_QW1 — Rn_3w3 + 6@5) } (n > 6), (31)

where £; (0 < i < n—2) are the same as (2.2) and w; (1 <i < 6) are the same as (2.19)-(2.24) .

Proof. In the case n > 6, from (1.3), it follows that det Hg », = det Tr,» det fn. Then we can obtain
n(n—1)

3.1) by using Theorem 2.1 and detfn: —1 2. O
(3.1) by using
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Theorem 3.2. Let Hgr,n be an invertible skew Peankel matriz and n > 6. Then we have

Yn,1  Yn—-1,1 Yn-2,1 - ¥3,1 V2,1 V1,1
Yn—1,1 Yn—-1,2 Yn—22 ‘- V3,2 V2,2 V1,2
Yn—-2,1 Yn—-2,2 Yn-—-2,3 *°° 3,3 Y2,3 Y1,3
Hp, = | : S : : . (32)
3,1 73,2 V3,3 St Y3m—2 Y2,n—2 V1,n—2
Y2,1 Y2,2 2,3 o Y2m—2  Y2n—1 Yimn—1
Y11 V1,2 1,3 o YMin—-2 Yin-—1 Yi,n nXn
where ;5 (1 <i<n; 1 <j<n-—j+1), are the same as in Theorem 2.2, we can observed that
Hgln is a symmetric matrixz . In this situation, we only need to work out w entries, hence it
is easy to get the inverse of Hp, by (3.2).
Proof. We can obtain this conclusion by using (1.3) and Theorem 2.2. O

4 Conclusion

In this paper, by constructing the special transformation matrices we give the determinant and
inverse of the skew Peoeplitz matrix and the skew Peankel matrix in section 2 and section 3.
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